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ABSTRACT

Thi s paper presents an Q(nlogm) nethod to incorporate start

and goal points of a

robot into the roadmap of a two-di nensi onal workspace to form a VGRAPH A VGRAPH
Point Incorporation Algorithn{(VPIA) incorporates a point in free-space into a
roadmap. This VPIA divides the free space around an obstacle vertex into an

ordered set of areas.
Contai nment inplies

i nherently parallel and the
Qnlogn to logm. Most
roadmap performin Q(n?).

VPIA. The VPIA enploying
runtinme of find-path algorithns closer
with obstacl es.
is shown in Appendi x A
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1.0 | NTRODUCTI ON AND BACKGROUND

Providing a robot with the ability to
nove safely from one point to another
in a workspace with obstacles is called
the find-path problem The requirenent
of the find-path problemis defined as
that of finding the shortest path for a
robot, in nmoving from a given start
point to a given goal point, while
avoi ding collisions with obstacles.

1.1 The VGRAPH Approach

Various techniques are used in building
a search space graph for a robot's
wor kspace. This paper focuses on the
vert ex- gr aph( VGRAPH) t echni que
[ Lozan79, Morav81, Thonp77]. In the
VCRAPH  net hod t he obst acl es are
expanded by the size of the robot and
t he r obot is reduced to a
poi nt [ Morav81]. Lozano-Perez [Lozan83]
presented a technique for Cspace
obstacles which is used to form the

VCRAPH on which the search for an
optimal path is perforned. This paper
assumes a workspace with pol ygonal

Cspace obstacles and a point robot.

The VGRAPH, G N,E), is a graph with a
set of nodes N, and a set of edges E
Each obstacle vertex v in the

A search is used to determ ne the containment of the point.
visibility of the
i ncorporated by determning its visibility fromall
i npl erentation can

existing techniques for
The roadmap's data structure is nodified to support the
the VGRAPH approach should enhance
to real-time for
Sanpl e VGRAPH di agram generated by an inplenmentation of the VPIA

from the vertex. A point is
obstacle vertices. The VWPIA is
reduce this conplexity from
i ncorporating points into a

poi nt

the worst case
2-D wor kspaces cluttered

VGRAPH

wor kspace is represented by a node, N,
in N The start and goal points ps and
pg are also represented by the nodes,
N, and N;. Each edge in E links a pair
of nodes in N whenever the vertices or
points represented by the node pair are
visible to each other or whenever they
are the end vertices of an obstacle
edge. The VGRAPH represents a discrete
subset of collision-free paths from pg
to pg Each path is made up of a
sequence of Iline segnents. The VGRAPH
contains the shortest path from ps to
Pg in its di screte subset
[ Kant Z86, WVangd74]. To find an opti mal
path from ps to pg (assunmed one not
visible to the other), the VGRAPH is
searched using a graph-search al gorithm
such as the A*[Hart N68].

1.2 Building the VGRAPH Usi ng a Roadmap

W are concerned with navigating robots
between varying start and goal points
anmong static obst acl es. In this
envi ronment, a VGRAPH may be regarded
as having two parts: a permanent part
formed from the obstacle vertices, and
a dynamic part forned from the start
and goal points. The permanent part
consists only of the set of obstacle
vertex nodes {N} and the edges {E'} on
which they are incident. It is fixed



for a static workspace and is referred
to as the roadmap for the workspace. W
assune the roadmap contains space for
both Ny and N, in its data structure,
but the edges at N, and N, are omtted.
The dynamic part of the VGRAPH changes
whenever ps or pg changes and a new
VGRAPH of the environnent nust be
constructed when ps or pgy is altered.
Because the roadmap is fixed, the
VGRAPH is built in tw phases. The
first phase is a pre-processing phase
whi ch builds the roadmap. This phase is
executed once and is not repeated in
subsequent solutions of the find-path
probl em when start and goal positions
vary. This first phase has been shown
to be executable in Qn?) tine
[ Gui ba85, WelzI85], where n is the
total nunber of obstacle vertices. The
second phase of the VGRAPH buil ding
process integrates N, and N, into the
roadmap. This is the phase that nust be
repeated, and is a runtine operation
which should be ideally achieved in
real -tinme. Wen all links at N, and N,
are specified, the roadmap is called
the VGRAPH The second phase of the
roadmap building process plays a key
role in the real-tine perfornance of
the navigating robot. It contributes
part of the robot's reaction tine.

1.3 Runtine of the Find-path A gorithm

Sorre methods for integrating Ny, and N,
into the roadmap run in Qn? tine
conplexity. One disadvantage of the
VGRAPH et hod, noted [ Singh87], is that
every tine source and destination
points are <changed, the visibility
graph has to be reconputed. This
requires Qn?). However, the plane-
sweep algorithm [Fujinml, Prepa85] of
Q' nlogn) can be used to incorporate N
and N, into the roadmap. However, its
order of conplexity cannot be easily
enhanced, while the tinme conplexity of
the VPIA can be enhanced from Q(nl ogm
to Ol ogm by parallel processing.

The incorporation of start and goal
point is not the only runtine operation
in solving the find-path problem The
gr aph-search oper ation is equal l y
critical in i mpacti ng real -tine

per f or mance. The  A*
optinmal and perforns

algorithm is
in Qn?. Thus,

the overall runtime conmplexity of the
find-path solution remains in Qn?),
al though use of the Qnlogm VGRAPH
Poi nt I ncorporation Al gorithm
descri bed, enhances the worst case
runtinme of find-path algorithns, that
enploy the VGRAPH approach, for 2-D

wor kspaces cluttered wth obstacles.
The worst case run-tine conplexity of
the find-path algorithm wll renain
unchanged, but its worst case run-tine
i s reduced.

2.0 VISIBILITY TO AN OBSTACLE VERTEX

The robot's workspace assuned to be a

t wo- di nensi onal regi on with non-
i ntersecting stationary convex
pol ygonal obst acl es. The  Workspace

Vertex Set {V,} consist of the union of
the (Obstacle Vertex Set {V,} and
i ncludes the vertices of the workspace
boundary. The size of V, (|V]|) is n.
Simlarly, the Gbstacle Edge Set {Ey}
is the set of obstacle edges, and the
Wr kspace Edge Set {Eg} is the union of
E, and the boundary edges of the
wor kspace. W denote an obstacle as P
if the point i lies on its boundary. W
asuume the  workspace cont ai ns m
configuration space obstacles and the
robot, is a point robot [Lozan83]. The
free-space visible to each vertex in V,
can be specified as follows: we denote

by Vw O V, those vertices visible to v.

For each vertex z (z # v) in V,, a
directed line segnent vz is drawn from
v to z. Figure 1 is a set of line
segment s emanat i ng from % and
satisfying t he foll owi ng three
condi ti ons:

1) Each line segment is directed
towards a vertex in V.

2) None of the line segnents divides
any of the obstacles.

3) Each line segnment is the |ongest
possi bl e.

Any coincident l|ine segnents nust be

replaced by a single equivalent line
segnent from v. Each Iline segment
radi ati ng from v is ternmed a
visibility line of v. Each pair of
adj acent visibility lines is

associated with a triangular area wth



apex at v, between them The base of
the triangle is the first edge segnment
visible when 1ooking outward from v
bet ween t he pair of adj acent
visibility lines of the triangle. Each
unoccupi ed triangular area is called a

visibility triangle (v_4A,) of v.

b;

b3
Figure 1: Example of a Robot's workplace. Visibility lines for an obstacle
vertex v.

The wunion of all these visibility
triangles represents the total free-
space area within which any point is
visible to wv. By definition, a
visibility triangle cannot enclose
part of an obst acl e. v_A, nmay
degenerate to a point or a Iline
segnent. This visibility triangle is
called a Degener at e Visibility
Triangl e (d_Aa) and occurs when
obstacles touch or when a workspace

boundary vertex is in contact with a
vertex v of obstacle P, It also occurs
as in figure 2 when the vertex of one
obstacle is in contact wth another
obstacle or workspace boundary. That

is, for some v & P, the visibility

lines defined by VL, and VL, are
collinear with some e € B and it
constitutes t he base of t he

corresponding visibility triangle of v
which has all its edges collinear.

3.0 A DATA STRUCTURE FCOR THE VPI A

No visibility line should leave v at a
blind angle, and all the visibility
lines are ordered. If a ine segnent
| eaves v at an angle such that it cuts
P,, then that angle is called a blind
angle of v. Al vertices in the blind
angl e direction are obstructed fromthe
view of v by P,. W denote the first
visibility line of a vertex v which
runs along the edge of the obstacle P,
in the direction v->v-1, as VL;. This
corresponds to the visibility line in
t he count er cl ockwi se direction
(negative half edge) when |ooking out

across P,, fromv at a blind angle. The
second, along an edge of P, in the
direction v ->v+1 (figure 1), is
denoted VL, (r is the total nunber of
visibility lines of v) and is the
visibility line to the clockw se side
looking out from v at a blind angle.
The visibility lines are nunbered from
VL; to VL,. Each subsequent visibility
line VL; is nmeasured as a displacenent
fromVL.;.

3.1 The Visibility Triangle Array (VARRAY)

A Visibility Triangle Array (VARRAY) of
r cells stores the angular netric of
the visibility lines in their order of
non- decr easi ng val ues. Each cell
beconmes a structure which also consists

of additional data fields described
next .

W denote as VI sone visibility
triangle of v between VL and Vliy..

Every VT, has a visibility line VL on
its clockwi se side. W associate each
cell VARRAY[K] to its corresponding
visibility triangle VT,. Note that VL,
is followed by the blind angles of v.

To conplete definition of VI, and to
facilitate rapid use of VARRAY in its
determination of the wvisibility of
points in free space fromv (figure 3),
the final element of a record becones
the problem of determning whether a
given point, p, is within VI, Let U
be the inward pointing unit normal to
the base of VT, then p visible to v

i ff:

U . ap >0
When VT, is degenerat e, 'a' is
coincident with v and U, is set to
point in a direction perpendicular to

VL (Figure 2) for consistency. Once
O8(vp) (the angle at which v, | eaves v,
has been deternined to be between
O(VLy) and O(VLk.), only U and 'a' are
needed to determne the visibility of p

from wv. Each structure  VARRAY[ K]
conprise of three fields: {6(VLy),
value of 'a', and value of U}. The
data structure of VARRAY described

determines the visibility of a point in
free space from one obstacle vertex v.



Simlar VARRAY structure for every v in
V,, determines the visibility of a
point p fromeach vertex in V,. Because

| Vo| = n, n VARRAYs are needed to store
al | the v_A/s. The final data
structure is of the form DSTR:

Array[ 1..n] of VARRAY.

\ 1
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Figure 2: A degenerate visibility triangle VTk
showing the Baselntersect 'a’ and base of
degenerate visibility triangle

The vari abl e, DSTR, thus contains a
VARRAY for each obstacles vertex and
defines all the visibility triangles

for all v O V,.

4.0 SPACE COWLEXITY OF THE VPIA DATA
STRUCTURE

A Visibility Triangle record in VARRAY
has Q1) space conplexity. VARRAY has
space conplexity of Qn). Since the
DSTR must store Q(n) VARRAYs, DSTR has
space conplexity of Qn?. This order
of space conplexity is the sanme as that
of the roadmap. W show later that
al t hough the VGRAPH Poi nt | ncorporation
Al gorithm adds Q(n? space conplexity
to the find-path problem its use of
the already existing Q' n? roadmap data
structure proves to be very convenient.

5.0 THE
ALGORI THM

VGRAPH PO NT | NCORPCRATI ON

Using DSTR, an algorithm is specified
to determine the visibility of any
point p in free-space fromthe vertices
in V,. The VPIA conprise of three steps
which are applied to each vertex v in
Vo.

1) Determne whi ch of t he
visibility triangles of v are
candi dates for containing the
poi nt p.

2) Determine if pis contained in
any of the candidate triangles
found in step 1.

3) If the point pis contained in
a visibility triangle, add the
edge N|N, to the roadnap.

These steps executed for all obstacle
vertices, incorporates the point p into
the roadmap by linking a node N, of p
to those nodes representing an obstacle

vertex fromwhich p is visible. W now
outline these three steps in nore
detail :
STEP 1: Finding Candidate Visibility
Triangl es
In figure 3 are shown visibility

triangles VI of an obstacle vertex v.
For a point p, a line segnent is drawn
fromv to p. It emanates from v at an

angl e B(vp) such that:

— 7
VLk#1 =
—
OvLie)

Figure 3: Point cénlainment by visibility triangle. Typical
visibility triangle VTk bounded by its two visibility

lines VLk and VLk+1. A point
be in VTk or outside VTk (
VLk and the base of VTk.

p inthe B[vp] direction can
p'). ais the intersection of

a) 6(VL) = 8(vp) = B(VLis) (1 <
k < r-1)

b) 8(vp) > 6(WL,)
Wth (a), VIx becones a candidate
visibility triangle; (b) inplies 6(vp)
is a blind angle. 6(vp)is an adjusted
angl e (adj usted whenever | 8(vp) | <
| B(VL))| to keep O(vp) consistent with
the angles assigned to the visibility

lines of v. VT, beconmes a candi date for
O(VLy) < 6(vp) =< B(VLksa); a binary
search of VARRAY for the first k such

that 6(vp) < VARRAY[K].VL(Angle |ocates
candi dat e visibility triangl es in
VARRAY. |f no such k exists, then 6(vp)
is a blind angle and thus no candidate
visibility triangle exists, else VT,



is the candidate. Furthermore, if 06(vp)
= VARRAY[k].VLAngle and k < r, then
VT, serves as a second candidate in
case when p proves to be outside VT.;.

Finally, if 6(vp) = VARRAY[1].VLAngl e,
then only VI, will serve as a
candi dat e, el se i f 0(vp) =
VARRAY[r].VLAngl e, in which case only
VT,., serves as a candidate. In the
worst case, a search takes Il ogn)
tine.

STEP 2: Containnent of p within Visibility
Triangl e

Step 1 gives a nmaximum of t wo

visibility triangles of v as candi dates
to be checked for containment of p. If
the first contains p, then the second
may be ignored. If neither contains p,
then p is not visible to v.

VT, will contain p iff p lies between
or on the base of VI and v. (Figure

6). It is assuned that p is within VTy
if p lies on the base of VT. The
following scalar product expression
sumari zes t he condi tion for
contai nment of p by VT
VARRAY[ k] . Nor nmal Vector . ( p -

VARRAY[ k] . Basel ntersect ) =0

STEP 3: Linking Node Representing p to the
Roadnap
This last step is trivial, and is not

done if p was determined to be

invisible to v.

Wth the above steps executed for all v
inV, the point pis incorporated into
the roadmap. This is the VGRAPH Poi nt
Incorporation Algorithm Now, given
that ps and py are obstructed from each
other's view, then the VPIA is applied
twice; once with ps, then again with
pg.- This yields the VGRAPH

6.0 COVPLEXI TY OF THE VPI A

Step 1 is Qlogn) time. Steps 2 and 3
are both Q(1). COver n, yields the total

time conplexity of the VWPIA as
Q' nlogn). Thus, the order of tine
conplexity involved with the VPIA in
the solution of the find-path problem

is Q(nlogn).

The conputation of the visibility of
the point p from a given vertex does
not use or depend upon data generated
in the conputation of the visibility of
p from any ot her vert ex. The
conputation of the visibility of p from
each of the n vertices in V, can be
done simultaneously. Thus, unlike the
pl ane-sweep algorithm the VPIA can be
executed over n processors in Qlogn)
wor st case time conplexity.

7.0 USING THE ROADVAP DATA STRUCTURE FOR
THE VPI A DATA

7.1 Basi c Roadmap and VGRAPH Data Structure
W refer to a VGRAPH or roadnap node as
a vnode. The basic roadmap has n nodes,
the VGRAPH n+2 nodes. Each vnode
potentially has one link to each other
vhode in the VGRAPH W therefore
regard a vnode as an array of n+l
pointers with up to n-1 pointers used
in the roadmap and the other two
poi nters at each vnode are for possible
links to N; and N,.

There are two other pieces of data
usually stored at the vnode: the first
is its obstacle vertex, and the second
is an estinmate on the |ower bounds of
the cost of going from that vnode to
the goal vnode N, i.e. h(n) in the
expr essi on:

f(n) =g(n) + h(n)

of the A* algorithm [HartN68]. The
third itemis an array of n+l pointers
to vnodes. These pointers specify the
edges of the VGRAPH at the vnode.

The roadmap is constructed for each
vhode N, such that pointers are set to
point to all other roadmap nodes whose
wor kspace vertices are visible from v.
At each roadmap node, all pointers
pointing to other vnodes occupy the
| ower set of positions in the array of
vhode_pointers. Qther pointers in array
cells that follow are set to nil.

7.2 Modifying the Roadmap Data Structure
There is a one-to-one nmapping of the
vhode _pointers at N, to the visibility

lines at the vertex v. In all, the
array of vnode pointers at each vnode
is n+5 pointers long, taking into



account the visibility lines, if any,
to the workspace boundary corners, as
well as the source-destination pair.

The resulting conplete match between
vhode _pointers and VARRAY visibility
lines suggests that the data structure
of every vnode pointer can be nodified
to store the information stored by its
corresponding visibility triangle in
VARRAY. The followi ng nodification of
the vnode pointer data type achieves
just that:
vnode_poi nter = Record

Basel ntersect: point;

VLKAngl e: real;

Nor mal Vect or: poi nt;

Npoi nter: Pointer to vnode;

End;

W note that vnode pointer is now a
(visibility triangle) structure with a
field called Npointer. Npointer points
to a vnode. Every visibility line at a
vertex v will have a matching Npointer
at N, These nodifications to the
roadmap data structure discussed do not
affect the Qn? tinme conplexity
required to build the roadmap. After
constructing the roadmap, the follow ng
data nust be generated for each
vhode_pointer record at every vnode N,
of the roadnap:

a) VLAngle: At nost
vhode-poi nters at
to define edges at
initial roadmap.

n-1 pointers of
vnode N, is used
vnode N, in the
In the worst case,
generating the VLAngle for a
vhode pointer record is mx{(Q1),

Qn)} =AQn) time conplexity.

b) Baselntersect: VL, is at least a
segnent emanating fromv at VLAngl e
from (a), and directed toward the
boundary. It is determned in Q1)
using vcoord and VL(Angle. The line
segment may then be intersected with
Evw in Q|BEM) = Qn). Wen VI is
not degenerate, sone e 0O E, may
generate nultiple intersections with
line segnent at Basel nt er sect
(figure 4). For m obstacles, and
because a |ine segnent may intersect
a maximum of four edges of the
obstacle, in the worst case 4m edges
must be sorted in QmMogm to
resol ve t he i ntersection. In
addition, 'm scan of intersections

is done to det er m ne t he
intersection in the positive half
edge and hence the edge supporting
the base of VT,. The total worst
case time conplexity in finding the
Baselntersect for a vnode_pointer
record is Q(n) +Q'm ogm.

c) Normal Vect or Only Q1) tinme is
needed to calculate Nornmal Vector
after finding Baselntersect in (b).

d Line segment colineRMwith
YA Vi ~
Figure 4: Multiple edges through Baselntersect. Edges be, bh,
ft may intersect the line segment at Baselntersect

'b'. The correct base-support for VTk is 'be'. It

subtends the smallest internal [to VTK] angle to vb.
The VLAngles calculated in (a) take
Q(n) time. Cenerating (a), (b) and (c)

for every vnode pointer record at all

r oadnap nodes fol | owed by t he
adjustnent of the VL/Angles require
worst tinme conplexity of Qn® +
n?m ognj .

7.3 Substitution of
Structure

The vnode data structure now contains

the VARRAY data structure except that

Roadmap for VPIA Data

the vnode pointer records at vnode do
not have the sanme order as the
visibility lines in VARRAY. This is
rectified with wuse of an Qnlogn)
qui cksort (of t he array of

vhode_poi nter records) on the VL(Angl es
of the wvnode pointer records (that
match visibility lines) at each vnode.
This is the final pre-processing step
to convert the roadmap data structure
to that needed by the VPIA Al the
vhode_pointer arrays in the roadmap are
sorted in Q' n?% ogn) tinmne.

Thus, after the basic roadmap has been
generated in Qn? time, it nmust be
further pr e- processed in qn® +

nmogm) tine to convert it to the data
structure needed by the VPIA This Q(n®
+ n?m ogm time conpl exity is



as we are concerned

runtime algorithm
Bot h processes of bui I di ng and
nodi fyi ng t he basi c r oadmap to
correspond to the required VPIA data
structure are pre-processing steps,
done only once for a given workspace.
Once this roadmap has been so forned

accept abl e here,
with an efficient

and nodified, solving the find-path
problem for varying start and goal
points uses the sanme roadnmap and

i nvolves only the VPIA followed by an
appropriate graph-search algorithm at
runtinme. The pre-processing steps do
not affect the runtine conplexity of
the find-path al gorithm

To reuse Ny and Ny, every time ps and/or
py changes, old VGRAPH |inks at N, and
N, are renoved to execute new |inks.
This is done in Q(n) tine.

8.0 FROM Q(nl ogn) TO Q(nl ogm

The VPIA algorithm can be nodified to
run in Qnlogn. Figure 5 shows
visibility line which does not form a
tangent to the first obstacle which it

t ouches (after | eavi ng V) is
el i m nat ed.
Ve
/
/
v 7
>~
~
~
\/71\
NS
\

Figure 5: Tangential Visibility Lines at Vertex v

A visibility triangles VI is sinmlarly
defined as before with the base defined
by the two points at which VL, and VlLi
touch the obstacle (or wor kspace
boundary edge) visible when | ooking out
from v between VL, and VM., e.g.
triangle ved in Figure 8.

The sane VPIA algorithm described

previously is wused to incorporate a
given point in free space into the
roadmap. The visibility triangles in
this form are fewer and the data
structure wused is efficient. Each
visibility line must be tangent to at

| east one obstacle, and there can be no
nore than 2mvisibility lines at v. The
bi nary search done by the VPIA on
VARRAY  of | ength 2m The time
conplexity of that binary search is
Al ogm . Tot al wor st case time
conplexity of the VPIA is now Q(nlogm.

9.0 | MPLEMENTATI ON RESULTS and CONCLUSI ONS

Thi s paper addressed the inportance of
rapid incorporation of start and goal
points into a roadmap, and why this
operation is crucial in deternmining the
real -tine performance of a navigating
robot whi ch uses the VGRAPH approach to
solve the find-path problemin a static
wor kspace.

A VGRAPH Point Incorporation Al gorithm
(VPIA) which perforns in Q' nlogn) worst
case conplexity was presented and was

applied to integrate start and goal
points in a variety of exanpl e
wor kspaces. Sanple results for an
exanple workspace is shown in the

Appendi x. This worst case conplexity is
an inmprovement over the Q(n? worst
case time conmplexity of nost other
algorithnms. The VPIA also pronmises to
performin Qlogm time on a parallel
machine. This is preferable to the
i nherently sequential Q(nlogn) plane-
sweep al gorithm which may also be used
for determining the visibility of
obstacle vertices from a point in the
wor kspace.

The Q(nlogn) version of the VPIA was
i npl enrented in Turbo Pascal on an |BM
PC. The nodi fyi ng and pre-processing of
the roadmap (sections 7.2 and 7.3) were
per f or med si nul t aneousl y with t he
building of the roadmap itself. This
resulted in a significant reduction in
the pre-processing tine.

The lowering in the order of worst case
time conplexity for n and m large, in
find-path algorithns using the VPIA
should result in nore efficiency and
bring closer to real-time perfornance
t han exi sting poi nt i ncorporation
nmet hods that cause the algorithns to
run in their worst case tines.



W showed how the VPIA can be
conveni ently supported by nodifying the
roadmap data structure, so as not to
create the need for maintaining two
separate data structures when using the
VPIA in solving the find-path problem
This is in spite of the fact that the
VPI A adds Q(n?) space conplexity to the
solution of the find-path problem For

2-D find-path pr obl ens t he VPI A
provides an efficient met hod for
integrating the start and goal points

of the robot into the roadmap.
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APPENDI X A

Ship

Al: Visibility I'i nks
I ncorporation of Start-Goal

A2:  VCRAPH of Wbrkspace
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