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Introduction

In reality we can often come across the task of
developing a portfolio (set) of projects having
the character of investment projects
(extending production capacity by means of
development or acquisitions, innovation of
production technologies, introducing new
products and such like) or research projects
(research and development of new products,
technologies, processes and such like).
Creating these portfolios for the individual
groups of projects represents a base for
conceiving an investment programme or
a research programme of a company. Creating
portfolios of projects has its own process
aspects as well as model aspects. The
process aspects consist in the desired process
of the project portfolio development from the
point of view of the individual steps and their
content [7]. The model aspects, which are dealt
with in this contribution, relate to applying
certain optimization models supporting the
creation of portfolios. With regard to the
uncertainty of many factors influencing the
future projects results these models are to be
perceived as stochastic optimization models.

The aim of the contribution is to briefly
characterize the types of the tasks concerning
the optimization of a portfolio, to specify the
nature of the development of a project portfolio
under risk and to show the solution of this task,
partly by means of the deterministic equivalents
of the stochastic optimization tasks and partly
as an application of the optimization tool
OptQuest (add-in MS Excel Crystal Ball) for the
stochastic optimization. Both these optimization
approaches are illustrated on practical examples
demonstrating the types of information that can

be gained for increasing the quality of
investment plans and decision making.

1. Classification of the Portfolio
Optimization Tasks

The issue of the development, or, as the case
may be, the optimization of a project portfolio
under risk belongs to a broad group of the
portfolio optimization tasks. This group can be
classified according to a number of viewpoints,
namely those as follows:
� the character of variables, which may be

either continuous or discrete. The first
works from the field of the portfolio theory
dealt with the allocation of financial
investment with continuous variables and
they are associated with the name of H.
Markowitz [23]. Only later attention was
paid to the tasks with the discrete or
bivalent variables, and these represent the
core of this contribution;

� different level of uncertainty concerning
parameters of the portfolio development
task, when on the one hand available
information makes it possible to reach the
determination of their divisions of pro-
bability, on the other side it is impossible to
determine even the state of the world
whereon the values of these parameters
depends ([2], [3], [11]);

� the number of assessment criteria, when
the tasks may be of the mono-criteria and
multi-criteria nature. A larger number of
works from the field of portfolio development
has a mono-criteria character and these
works apply various approaches. These
are, for example, the portfolio optimization
by means of mathematical fuzzy logic
programming [13], the portfolio optimization
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with stochastic yields by means of fuzzy
information [16], and the choice of
a portfolio under stringent uncertainty [3].
As far as multi- criteria oriented works are
concerned, it is possible to mention for
example the choice of a portfolio by means
of multi-criteria stochastic programming [1]
or optimization of investment in the
selected fields of the national economy
based on the method of linking scenarios
with the method of the multi-criteria
limitation PROMETHEE [15];

� variables of the model of portfolio
development which have the nature of
random quantity. These may become the
coefficients of a criteria function, the
coefficients of variables under limiting
conditions or the right sides of those
limitations. The tasks with randomly
variable coefficients of criteria functions are
the most frequent and relatively simpler;

� the nature of the solution of a model of
a portfolio development where the
subject matter may be optimization or
a certain kind of reduction of the initial set
of the objects from which a portfolio is being
created. As far as optimization is concer-
ned, these tasks may be solved analytically
by means of stochastic programming [29]
supported by heuristic or genetic
optimization algorithms based on the Monte
Carlo simulation [24], [14] or by trans-
formation to the deterministic equivalents of
the tasks of stochastic programming. Of
specific nature are the tasks based on the
model (rule) of the mean value – scatter
enabling to achieve effective portfolios
maximizing the mean value of the yield
criterion when the criterion is variably
limited to the risk measured by scattering or
standard deviation of this criterion (or if you
like, minimizing the risk of portfolio when
this criterion is variably limited to its yield).
This approach is again based on the works
of Markowitz (for more detail see, for
example, [34]). The reduction of a portfolio
leading to the determination of an effective
set may be, again, based on the model
(rule) of the mean value – scatter, or on the
rules of the stochastic domination [10].
In this contribution the authors try to

concentrate on the task of the optimization of
a project portfolio under risk, partly by the

solution of the deterministic equivalents of this
task in the form of multi-criteria or mono-criteria
bivalent programming under uncertainty in the
assessment criteria, and partly by applying the
optimization tool OptQuest for the stochastic
optimization with continuous or discrete
variables, based on linking the heuristic
optimization algorithm with the Monte Carlo
simulation [4], [25].

2. The Character of the Task of
Creating a Project Portfolio

The core of the task of creating a project
portfolio is creation of such a set of projects, out
of a set of prepared projects, which meets
certain conditions. The implementation of each
project requires applying certain sources and
that is why the task of creating a portfolio is also
the task of allocation of (usually scarce)
sources. If, in the process of creating a portfolio,
our aim is maximization or minimization of
certain characteristics of a portfolio, the task
can be described as optimization in the form of
an optimum allocation of sources.

The creation of a project portfolio has
usually certain common features, namely the
following ones:
� The multi-criteria character of the task,

because more objectives are to be met and
the level of accomplishment is expressed by
means of the individual assessing criteria.

� Uncertainty of some factors influencing the
results of the projects and therefore its
success and hence the risky nature of the
projects.

� Scarcity of sources meaning the fact that
individual projects should not be
considered in isolation as the acceptance of
a certain project decreases disposable
sources meant for other projects. This
scarcity of sources calls for the need of
using optimization tools.

� Mutual dependency of projects has to be
taken into account too. The dependency of
a portfolio can have the character of
statistical dependency (direct or indirect
dependency of various intensity expressed
by means of correlation coefficients of the
pairs of investment projects in the form of
random quantities) or the character of
functional dependency (e.g. a certain project
can be put in a portfolio only if another
particular project has also been put there).

EM_04_13_zlom(4)  25.11.2013  11:25  Stránka 72



Business Administration and Management

734, XVI, 2013

3. The Optimization of a Project
Portfolio under Risk by Means of
the Deterministic Equivalents of
the Task of Stochastic
Programming

The deterministic equivalents of the tasks of the
stochastic optimization transform these tasks to
those of the deterministic type, when the
divisions of the probability of the stochastic
variables of the model are replaced by their
statistical characteristics in the form of the
mean values and scatterings.

In the following section (3.1) we will try and
characterize the solution of the deterministic
task of the multi-criteria optimization with
randomly variable criteria by means of the
multi-criteria utility function [18] as a tool of the
multi-criteria assessment of the projects under
risk, and also by means of the programme
Lingo (for the solution of the tasks of linear and
non-linear bivalent programming) [17]. In the
next section (3.2) we will apply a similar approach
by means of the mono-criteria optimization of
a project portfolio under risk, and in the last
section (3.3) we will try to characterize briefly
other types of the deterministic equivalents of
the tasks of the optimization of a portfolio under
risk.

3.1 Multi-criteria Project Portfolio
Optimization under Risk with
Randomly Variable Criteria of
Assessment

Task formulation
Let us assume that n projects have been
prepared for the development of a company
investment programme out of which it is
necessary to draw up a portfolio maximizing its
mean utility value from the point of view of
m criteria when respecting p scarce sources.
For each project there are divisions of
probability of the individual assessment criteria
available and their statistical characteristics in
the form of the mean value and the standard
deviation, the source demandingness and the
disposable volumes of each source. (We can
use the Monte Carlo simulation to determine
the probability divisions of the quantitative
criteria – for more detail see e.g. [8], [14] or
[24], [25].)

Now, the deterministic equivalents of the
task of the project portfolio optimization can be

formulated as a task of bivalent programming
with the criteria formulation based on the concept
of multi-criteria utility function under risk and
a set of source limitations. The construction of
the multi-criteria utility function under risk is not
easy and it requires the following:
� to verify preferential and utility

independence of the criteria (only in this
case it is possible to express the multi-
criteria utility function under risk in the
additive or multiplicative form);

� to construct partial utility functions ui(xi) of
the individual criteria and determine its
weight in the dialogue of an analyst with
a decision maker (for more detail see e.g.
[6] and [18]),where the variable xi expresses
the consequence of the given project with
regard to the i-th assessment criterion;

� to specify the form of the multi-criteria utility
function under risk.
In case the requirement for the preferential

and utility independence is met and the sum of
the weights of the assessment criteria equals
one (or at least approximately equals one), it is
possible to express a multi-criteria utility
function under risk in an additive form by the
relation (1). In the opposite case it is necessary
to express the multi-criteria utility functions
under risk in a more complicated multiplicative
form (for more detail see again [6] and [18]).

(1)

In case of the existence of more projects
the utility of a j-th project U(Xj) can be
expressed by means of the relation (2):

(2)

where 
Xj – vector of the consequence of j-th

project with regard to the individual
assessment criteria,

xj
i – consequence of j-th project with

regard to i-th assessment criterion
(i =1, 2,…,m and j =1, 2,…,n),

ui(x
j
i) – utility of i-th consequence of j-th

project,
vi – weight of i-th criterion.

From the knowledge of the partial utility
functions of the individual criteria and their
division of probability we can derive the mean
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utility values E[ui(x
j
i)] of each project with regard

to i-th criterion. For a continuous criterion we
use the relation (3):

(3)

where
Fj

i(x
j
i) – distribution fiction of j-th project with

regard to i-th criterion,
di – lower limit of the definition domain of

a partial utility function of the i-th
criterion,

hi – upper limit of the definition domain of
a partial utility function of the i-th
criterion.

In case of the assessment criteria of
discrete nature the mean values of partial
utilities can be set more easily as a sum of
partial utilities weighed by their probabilities.

The knowledge of the mean values of
partial utilities enables (in case of the additive
form of the multi-criteria utility function) to set
the mean value of the overall utility of the j-th
project E[U(Xj)] in the form (4):

(4)

The mean value of the overall utility of the
project portfolio can be now expressed easily
as a sum of the mean values of the overall
utilities of the individual projects contained in
the portfolio. Let us define the bivalent
variables:

yi ∈ {0; 1} gains the value 1 (j-th project is
put to the portfolio) or 0 (j-th project is not put to
the portfolio).

The task of the optimization of a project
portfolio under risk can then be formulated as
a task of bivalent programming with a criteria
function expressing the mean value of the
overall utility of the portfolio in the form (5):

(5)

and with a set of source limitations as
formulated in (6):

(6)

where
aj

k – consumption of k-th source for j-th
project (k = 1, 2,…, p),

Lk – disposable volume of k-th source.

The model of bivalent programming can be
extended further by limitations requiring the
achievement of at least certain values of some
quantities (let us indicate the set of the indexes
of the quantities as Q) representing further
requirements that the portfolio should meet
(e.g. the requirement for achieving a certain
size of sales, not exceeding the given risk and
such like). The respective limitations for
additive quantities of the yield type, among
which there may also be some assessment
criteria, might have the following form:

(7)

where
Vq

(min) – the lower limit of q-th quantity of the
yield type of the project portfolio,

hj
i – the value of i-th quantity of the yield

type of the j-th project (these are well
known constants).

In case of the opposite requirement, i.e.
non exceeding of the given values of certain
quantities the relevant limitations should have
an analogical form as the source limitations of
the model of the bivalent programming.

An Example of the Solution of a Multi-criteria
Project Portfolio Optimization under Risk
Let us demonstrate the solution of a task of
multi-criteria project portfolio optimization under
risk on an example of the project focused on
introducing new products. Let us assume that
for the development of this portfolio there are
12 projects available which were assessed with
regard to the set of five criteria formed by two
quantitative criteria (net present value (NPV)
and cost effectiveness of the capital) and three
qualitative criteria (concordance with the
company strategy, market attractiveness and
support of key competencies). The higher
weight among the economic criteria went to the
NPV; weights of the noneconomic criteria were
judged. The division of the probability of the
quantitative criteria for the individual projects
was set by the Monte Carlo simulation; the
division of probability of the qualitative criteria
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(transformed to discrete quantitative criteria)
was done in an expert way. For each of the
assessment criteria a partial utility function was
specified. On the basis of these functions and
the relevant divisions of probability as well as
according to the relation (3), with continuous
criteria or with analogical summative relation of
discrete criteria, mean utility values were set for
each project with regard to the individual
criteria. By means of the relation (4) the mean
values of the overall utilities were set.

The optimization of the project portfolio had
also to respect two limited sources, namely the
capital budget (CZK 560 million) and a dispo-
sable number of workers (240). The demands

of the individual projects as far as the workers
were concerned were set with a significant level
of reliability and that is why it was possible to
work with them as with deterministic quantities.
The estimates of investment costs of the
individual projects were considerably uncertain
and that is why they were represented by
random quantities with expertly set subjective
divisions of probability. With regard to the fact
that NPV represents a key financial criterion of
the project assessment, even the calculation of
the portfolio NPV in the form of its mean value
was part of the optimization project (a sum of
quantities for the project portfolio optimization
is summarized in Table 1).

Tab. 1: Characteristics of Investment Projects

Project E(U)
E(NPV) E(IN) Number

(mil CZK) (mil CZK) of workers

Project 1 0.75 22.30 31.0 23 2.42

Project 2 0.36 5.16 27.6 12 1.30

Project 3 0.86 28.21 126.8 45 0.68

Project 4 0.59 26.32 96.5 37 0.61

Project 5 0.75 15.32 55.8 25 1.34

Project 6 0.78 10.47 36.8 23 2.12

Project 7 0.45 12.30 44.7 15 1.01

Project 8 0.65 23.01 67.5 26 0.96

Project 9 0.76 15.07 49.0 24 1.55

Project 10 0.48 29.47 85.8 38 0.56

Project 11 0.52 20.24 53.3 20 0.98

Project 12 0.74 12.35 42.3 17 1.75

Note: E(U) – mean value of the project overall utility,
E(NPV) – mean NPV value for a given project,
E(IN) – mean value of the investment costs of a given project,

– mean value of a project utility related to 100 million of investment costs spent (IN) expressed 
again by their mean value.

Source: own calculations

E(U)
––––––––
E(IN100)

E(U)
––––––––
E(IN100)

If all the prepared projects were put in the
portfolio, the limited sources would be
exceeded considerably. (The demandingness
of the implementation of the portfolio on the
funds would amount CZK 717.1 million, which
means exceeding the limit of CZK 560 million
by CZK 157.1 million and the disposable
number of workers of 240 would be exceeded
by 65; the mean utility value of this portfolio

would be 7.69 and the mean NPV value would
be CZK 220.2 million.) Therefore a deterministic
equivalent of optimization of a project portfolio
under risk was used for the development of the
portfolio, which has a form of a bivalent
programming model. The criteria function of
this model maximizing the mean utility value of
the portfolio is given by the relation (5) and its
two source limitations relating to the capital
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budget and the disposable number of workers
are given by the relation (6). By solving the
optimization task by means of the software tool
for bivalent linear and non-linear programming
LINGO (see for example [17]) we gained an
optimum portfolio created by projects 1, 3 up to
6, 8, 9, 11 and 12. The mean utility value of this
portfolio was 6.40, the mean NPV value was
CZK 173.3 million and almost all the budget
was drawn (only CZK 1 million remained
disposable) and all 240 workers were fully used
(see the solution in Table 2 for the portfolio A).

Another subject of interest consisted in
finding out what impacts an increase of the
requirement concerning the mean NPV value
would have on the optimum portfolio. Two tasks
of bivalent programming were gradually solved
with the requirement to achieve the mean NPV
value of at least CZK 175, or, as the case may
be, CZK 180 million. The results of both these
optimizations (portfolio B and portfolio C)
together with the results of optimization without
the limitation to the mean value NPV (portfolio
A) are summarized in Table 2.

Tab. 2: The Results of the Portfolio Optimization

Portfolio Portfolio structure 
E E Utility decrease NPV growth Source demands

(U) (NPV) abs. % mil CZK % F W

A 1, 3–6, 8, 9, 11, 12 6.40 173.3 559 240

B 1, 2, 4, 6–12 6.08 176.7 0.32 5 3.4 2.0 535 235

C 1, 2, 4, 5, 7–12 6.05 181.5 0.03 0.5 4.8 2.7 554 237

Note: E(U) – mean utility value of the project portfolio,
E(NPV) – mean NPV value of the project portfolio,
F – funds,
W – number of workers. Source: own calculations

As is obvious from this table the require-
ment for the mean value to achieve at least
CZK 175 million (portfolio B) leads to the
decrease of the mean utility value by 0.32 (5 %),
while the growth of the mean NPV value is only
CZK 3.4 million (2 %). Further tightening of the
requirement for NPV (achieving at least CZK
180 million, portfolio C) leads to a considerable
smaller decrease of the mean utility value
(absolutely 0.03 or 0.5 %) as opposed to
portfolio B, while the growth of the mean value
NPV is now higher (CZK 4.8 million or 2.7 %).

The results of the optimization calculations
can now serve as a valuable source of infor-
mation of a company management for the
decision about the structure of the portfolio to be
implemented. In this decision making process it
is also necessary to consider other aspects not
included in the optimization, including the
change in drawing the limited sources (e.g. the
idle CZK 25 million with portfolio B).

The optimization of the project portfolio
could be, to a certain extent, simplified in our
task in case of the existence of only one limited
source. If this was the capital budget, we could
use the indicator E(U) / E(IN100) whose values

for all projects are stated in Table 1. If we
ordered the projects according to the decreasing
values of this indicator and gradually put the
projects according to the decreasing values of
this indicator down to achieving the capital limit,
we would, in this simple way, proceed to
a relatively good portfolio. In case of the
requirement for finding an optimum portfolio
this task may lead to the solution of the task
called a knapsack problem, which is a relatively
simple task of integer linear programming. If
we, in our case, applied the above simple
procedure, the projects 4 and 10, i.e. those with
the lowest mean utility values at CZK 100
million of investment costs, would not get any
funding. This way of optimization of the research
of the new medicaments has been applied by
one of the world’s biggest pharmaceutical
companies GlaxoSmithkline. The mean NPV
value on USD 1 million serves as the
optimization criterion (for more detail see [30]).

What is seen as a considerable disadvan-
tage of the multi-criteria project portfolio optimi-
zation under risk is the difficulty of constructing
partial utility functions, which managers do not
like to work with. Applying the Cost Benefit
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Analysis (CBA) – (see [5]) may be a solution as
in some cases this method enables a transfer
of criteria values expressed in the non-
monetary units to a monetary expression and
this way the monetary assessment can be
integrated for example to the indicator of the
net present value (NPV) which might serve as
an overall criterion of the project portfolio
optimization. Another possibility is the transfer
of certain criteria of assessment to the limitation
conditions, i.e. especially those criteria which
were not possible to transform to a monetary
expression. This procedure is not complicated
as it only leads to increasing the number of
limitations of the optimization model for which it
is necessary to set their right sides in the form
of the lower limits (for the criteria of the yield
type) or the upper limits (for the criteria of the
cost type). In practice and sometimes even in
professional literature (for example [22]), we
can come across attitudes where even the project
risk is included in the assessment criteria. The
main drawback of this attitude based on the
multi-criteria project assessment as if carried
out in the conditions of certainty (i.e. on the basis
of only one scenario) is that it does not respect
the dependency of the project assessment with
regard to some criteria under this type of risk
(a higher risk only decreases the overall
assessment of projects).

3.2 Mono-criteria Project Portfolio
Optimization under Risk with
a Randomly Variable
Assessment Criterion

The model of bivalent programming for the
mono-criteria optimization of a project portfolio
under risk can be easily derived from the model
of the multi-criteria assessment. Let us assume
that a key additive optimization criterion c of the
yield type has been chosen. Further, we
assume that the mean values E(cj) for the
individual projects (j = 1, 2, …, n) are known and
the bivalent variables are defined as yj∈{0; 1},
where for yj = 1 j-th project is put to portfolio
and for yj = 0 is not included in the portfolio.
Then the criterion function of the deterministic
equivalent of the stochastic optimization of
development of a project portfolio under risk
can be expressed as (8):

(8)

The set of the source limitations of the
model or the limitations expressing the
requirements for non-exceeding of certain
values of the chosen quantities of the cost type
model can be expressed by means of the
relation (6). The same way the requirements for
achieving at least certain values of the chosen
quantities of the yield type model can be
expressed by means of the relation (7).

In the tasks concerning the project portfolio
optimization under risk, we have not yet, within
the set of the model limiting conditions,
included the limitation concerning the risk of
a project portfolio expressed in relation to the
optimization criterion. The optimal portfolio
maximizing (in case of the yield type criterion)
the mean value of this portfolio might be
considerably risky as the more risky projects
usually lead to higher yields. With regard to this
it is necessary to extend the set of limitations of
the bivalent programming model by the
limitation of the portfolio risk in the form of (9):

(9)
where
σ – standard deviation of the optimization

criterion of the project portfolio,
σi, σj – standard deviation of the optimization

criterion of the i-th or j-th project,
σh – upper, limit of the portfolio risk with

regard to the set-down optimization
criterion as expressed by the standard
deviation,

rij – correlation coefficient of the value of 
i-th or j-th project (these values can be
estimated expertly on the basis of the
proximity or dissimilarity of the subject
matter of the projects, their market
determination, raw material base and
such like, while a role is also played by
the relations of the systematic and
specific risks of the individual projects).

It is obvious that the less strict the
limitations (9) of risks are, the higher the mean
value of the portfolio is. It might now be useful
to find out about the impacts of the tightening
up of the requirements for the portfolio risk as
for the structure and characteristics of the set-
down optimal (effective) portfolios. The graphic
depiction of these portfolios then forms the
efficient frontier (see below).
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3.3 Further Types of Deterministic
Equivalents of the Tasks of
a Project Portfolio Optimization
under Risk

In this section we are going to outline further
types of the tasks of the optimization of
a project portfolio under risk, partly by
maximizing the probability of exceeding the
target value of the criterion, and partly by a task
with randomly variable limitations.

Maximization of the Probability of
Exceeding the Target Value of a Criterion
Let us assume that NPV is the criterion of the
project portfolio assessment and its target
(planned) value NPVC has been set. On
condition that the variables yj are identical with
those in the text above, the criteria function of
the project portfolio under risk can now be
written down in the form of (10):

(10)

where
NPVj – the net present value of j-th project

(j =1,2,...,n),
NPVC– target value of the net present value of

the project portfolio.

The limiting conditions expressing the
source settings are possible to express by the
relation (6) and the limitations relating to the
risk of the portfolio by the relation (9). In case
that NPVj can be expressed as a linear function
of a random parameter δ∈〈0; 1〉 in the form of
(11):

(11)

the deterministic equivalent of the task of maxi-
mization of the probability of exceeding the target
value NPVC of the portfolio can then be trans-
formed to a task of linear fractional programming
with a criteria function in the form (12):

(12)

with limitations (6) and (11). A solution of this
task using simulation is given in section 3.3.

Optimization of the Project Portfolio under
Risk with Randomly Variable Limitations
The following factors can be the randomly
variables in this case:
� the right sides of the limiting conditions

(usually of source limitations), and
� the coefficients of the variables on the left

sides of the limitations (in case of source
limitations it is the demandingness of the
individual projects on the limited sources).
The tasks with random variables on the

right sides of the limitations are easier to solve.
In case of the source limitations it may be an
example of export activities from a remote
foreign country, raw material in the initial stage
of extraction where a geological survey of
a deposit thickness has not been completed yet
and such like.

If, for example, the disposable volume of 
k-th limited source is uncertain and we know its
division of probability, then a part of the related
optimization model will be for example
a limitation requiring that the probability that the
consumption of k-th source will not exceed its
mean value will be higher than the set value.
An appropriate limitation should then have the
form of (13):

(13)

where
αj

k – consumption of k-th source for j-th
project,

E(Lk) – mean value of the disposable volume
of k-th source,

αk – lower limit of the probability of non-
exceeding the mean value of the
disposable volume of k-th source in
percentage.

For the deterministic equivalents of the task
of optimization of the project portfolio it is now
possible to transform the above stated
limitation (see [12]) to the form (14):

(14)

where
L*k – the (1 – αk) percentile of the division of

the probability of disposable volume of
the k-th limited source.
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In the tasks of the optimization of a project
portfolio under risk we can come across the
uncertainty of the coefficients αkj of certain
limitations of the model more often. The
limitation of the capital budget of a portfolio can
be a typical example of this, when the
investment costs of the individual projects are
considerably uncertain. The experience from
business practice shows that estimates of
these costs are considerably optimistic and
they are usually exceeded – see [9]. If both
these coefficients and the right sides of the
relevant limitations (volumes of disposable
incomes) are random, then it is possible to
transform them to the set of non-linear
limitations, and so the deterministic equivalent
of the optimization of a project portfolio under
risk has the form of a model of non-linear
bivalent programming [12].

4. The Application of the Monte
Carlo Simulation in the Process
of the Stochastic Optimization of
a Project Portfolio

As we have already stated, certain simpler
tasks of the optimization of the project portfolio
under risk are possible to solve by their transfer
to deterministic equivalents. Difficulties arise in
case of more difficult tasks (not only the
coefficients of criteria function are of a random
nature but also the coefficients of the left sides
of the limiting conditions, and their right sides),
or, as the case may be, in other types of the
criteria functions than the functions expressed
by relations (5) and (8). Analytic solution of
these optimization tasks of stochastic bivalent
programming is usually considerably difficult,
but the above mentioned optimization programs
can be applied successfully.

Gradually four tasks of stochastic optimi-
zation of the project portfolio were solved based
on an example whose deterministic equivalent
was solved in section 3.1. In this model there
are, on the whole, 24 random variables which
represent NPV and the investment costs for
each model. The division of the probability of
NPV of the individual projects were set by the
Monte Carlo simulation, and these divisions
were approximated by the most suitable types
of the theoretical divisions (with five projects it
was normal divisions, with the remaining seven
projects it was beta division with negative
skewness. The division of the investment costs

probability has mostly the character of betaPERT
division (with expertly estimated parameters by
authors of this article) and positive skewness.
As a basis of determination of the probability
division of these costs it is possible to use the
post-audit results of similar projects that are
focused on detection and evaluation of deviations
between planned and for real expended investment
costs. For more detail see [9] and [31].

With regard to the fact that the investment
costs are one of the significant factors influencing
NPV of each project, statistical dependency of
NPV and the costs were respected for each
project (the expertly estimated correlation
coefficients on the basis of the investment
costs contributions to the uncertainty of NPV
were set by the disperse analysis and they
were from -0.2 to -0.4). The model of this task
is given by Table 3. First we paid attention to
the optimization of the portfolio while the
limitation of the risk was variable and the risk
was expressed by a standard deviation NPV
leading to effective portfolios, or, as the case
may be, to an efficient frontier (section 4.1).
The task of setting possible impacts of
increasing or decreasing disposable volume
of certain limited sources on the structure and
the effects of the portfolio dealt with in section 4.2
is conceptually similar and also significant from
the practical point of view. Further two tasks
aim partly at the maximization of exceeding
the target value of the optimization criterion, in
our case it is NPV (section 4.3), and partly at
the minimization of exceeding the capital
budget as a key limitation of the development of
a project portfolio under risk (section 4.4).

4.1 Efficient Frontier
By means of the optimization tool OptQuest five
tasks of stochastic optimization were solved,
with a criteria function formed by the mean NPV
value, two source limitations (the capital budget
CZK 560 million and the number of workers not
exceeding 240) and the gradually released
portfolio risk limitations with regard to NPV
measured by its standard deviation. The upper
limit of the standard deviation was gradually
increased by CZK 1 million, from CZK 5 million
to CZK 9 million. During the time of the task
solving in the length of two minutes the
programme came up with 2,304 solutions, out
of which 1,816 were feasible. The results of the
solution are summarized in Table 4.
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Tab. 3: A Model of an Investment Portfolio

Project E(NPV) σ(NPV) E(IN) σ(IN) Number
(mil CZK) (mil CZK) (mil CZK) (mil CZK) of workers

Project 1 22.30 3.20 31.0 2.30 23

Project 2 5.16 1.62 27.6 1.70 12

Project 3 28.21 6.67 126.8 4.10 45

Project 4 26.32 4.35 96.5 6.80 37

Project 5 15.32 1.53 55.8 4.60 25

Project 6 10.47 1.80 36.8 3.00 23

Project 7 12.30 0.94 44.7 3.80 15

Project 8 23.01 2.75 67.5 4.30 26

Project 9 15.07 2.11 49.0 3.30 24

Project 10 29.47 5.32 85.8 5.50 38

Project 11 20.24 3.91 53.3 4.70 20

Project 12 12.35 3.12 42.3 3.10 17

Note: E(NPV) – mean value NPV for a given project,
σ (NPV) – standard deviation NPV for a given project,
E(IN) – mean value of investment costs of a given project,
σ (IN) – standard deviation of investment costs of a given project. Source: own calculations

Tab. 4: 
The Results of Stochastic Optimization with Variable Limitations of a Portfolio
Risk

Effective Portfolio
E(NPV) σ(NPV) E(U) E(IN) P

portfolios structure

EP1 4–7, 9 99.7 4.9 3.85 336 144

EP2 4–10 132.0 5.8 4.46 436 188 35.9

EP3 1, 2, 4–10 159.5 6.8 5.57 495 223 27.5

EP4 1,2, 4–10, 12 171.8 7.5 6.31 537 240 17.6

EP5 1,2, 4, 5, 7–12 181.5 8.6 6.05 554 237 8.9

Notes: see Tables 1 and 3 Source: own calculations

∆E(NPV)
––––––––
σ∆(NPV)

As is obvious from Table 4, with gradual
softening of the requirements concerning the
portfolio risk measured by the standard
deviation σ(NPV), the mean value NPV of
portfolios increases and their mean utility value
also grows. With the first two effective portfolios
their risk limitation does not enable the full
exploitation of sources. The last two effective
portfolios lead to almost full exploitation of
sources. The last effective portfolio EP5 leads
to the maximum mean NPV value. The

effective portfolio EP4 reaches a higher mean
utility value with a lower risk. When choosing
between these two effective portfolios it should
be, therefore, necessary to consider the growth
of the mean NPV value when transferring from
portfolio EP4 to portfolio EP5 on one hand, and
the risk increase and the decrease of the mean
utility value on the other hand. The division of
the probability of the effective portfolio EP5 with
the maximum mean value of its NPV is
illustrated by Figure 1.
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As is obvious from Figure 1, NPV of this
portfolio varies between CZK 146.2 million to
CZK 214.1 million, and the probability that the
NPV will reach the value from the interval from
CZK 170 million to CZK 190 million is approximately
75%. The skewness -0.0273 demonstrates
a slight deviation of this division towards the
lower NPV values. The balancing of this
division by the most suitable of the theoretical
division according to Anderson-Darling test led
to a normal division with identical parameters of
its division as set by the simulation.

From Table 4 it is also obvious that by
increasing the risk of the effective portfolios the
growth of the NPV mean value on a risk growth
unit as measured by a standard NPV deviation
decreases (see column ∆E (NPV)/∆σ(NPV).
This fact is also confirmed by the graphic image
of the effective portfolios in the form of the
efficient frontier on Figure 2, when the slopes of
the line segments connecting the individual
effective portfolios decline from the left to the
right. See [32], [33] for more about this approach.

Fig. 1: Division of NPV Probability of Portfolio 5

Source: own calculations

Fig. 2: Efficient Frontier

Source: own calculations
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4.2 The Influence of the Source
Limit Increase on the Portfolio
Effects

As is obvious from Table 4, the effective
portfolio EP5 with the maximum mean NPV
value leads to almost a full use of the limited
sources. It might, therefore, be useful to find out
to what extent gaining additional sources might
increase the effects of the portfolio optimization.

The chosen results of stochastic optimiza-
tions with a somewhat increased capital budget
and the limit of workers (again, the mean NPV
value was the optimization criterion) are stated

in the Table 5. The portfolio D represents the
optimum (efficient) portfolio with the given
capital budget (CZK 560 million) and with the
limit of the number of workers (240), and it is
identical with the efficient portfolio EP5 from the
Table 4. Even a slight increase of the capital
budget (by CZK 3 million) and of the number of
workers (by 8) leads to the optimum portfolio
E with a higher NPV and utility mean values.
Another optimum portfolio F shows a higher
increase of the capital budget (by CZK 30 million)
and the limit of workers (by 20).

Tab. 5: The Influence of the Increase of Source Volume on the Optimum Portfolios

Port- E
P Portfolio structure

E σ E
folios (IN) (NPV) (NPV) (U)

D 554 237 1, 2, 4, 5, 7–12 181.6 8.6 0.327 0.77 6.05 1.09 2.55

E 563 248 1, 4–12 186.9 8.7 0.331 0.75 6.47 1.15 2.61

F 590 260 1, 2, 4–12 192.0 8.8 0.325 0.74 6.83 1.16 2.63

G 608 250 1, 3–5, 8–12 192.3 9.6 0.315 0.74 6.10 1.00 2.44

Notes: see Table 1 and Table 3 Source: own calculations

E(NPV)
–––––––

E(IN)
E(NPV)
–––––––

P

E(U)
–––––––
E(IN100)

E(U)
–––––––

P100

In case of difficulties in increasing the limit
of the restricted sources it would probably be
possible to implement the portfolio E that, with
regard to the portfolio D, leads to the increase
of the mean NPV value and the mean utility
value to CZK 100 million of investment costs
and to only to a slight increase of risk and
a slight decrease of the mean NPV value on
one worker. A higher availability of limited
sources (portfolio F) leads only to a very small
increase in the mean utility value on the spent
CZK 100 million and on one hundred workers,
by decrease of similar indicators related to NPV
but it also leads to an insignificant risk increase.
The last portfolio G requires, on top of portfolio
F, gaining CZK 18 million and at the same time
reducing the necessary number of workers by
10. Most indicators characterizing this portfolio
in Table 5 shows deterioration. Depending on
the possibilities of the increase of the volume of
limited sources portfolios E or F are possibly
the best to be taken into account.

4.3 Maximization of the Probability
of Exceeding the Criterion
Target Value

Three optimization tasks were gradually solved
with target NPV values amounting CZK 175 million,
CZK 180 million and CZK 185 million and with
two source limitations (the capital budget and
the number of workers). The results of the
solution are shown in Table 6. As is obvious
from this table, the optimum portfolios H, I and
J maximizing the probability of exceeding the
target NPV values are identical and are formed
by ten out of twelve projects, while projects 
3 and 6 were excluded.

The decrease of the probability of
exceeding the target value (from 77.4 % with
portfolio H to 34.2 % with portfolio J) is the
obvious consequence of increasing the target
NPV value of the portfolio.

The first three tasks were solved without
any limitations related to the mean utility value
of the portfolio. If we required this value to
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reach at least 6.2, then with the target NPV
value amounting CZK 180 million there is
a change of the optimum portfolio, portfolio K in
this case. The mean utility value of this portfolio
reaches the value 6.31, but there was a consi-
derable decrease of the mean NPV value of the
portfolio by approx. CZK 10 million. The
probability of exceeding the target NPV value
by this portfolio is considerably low (only
13.2%) and so it is highly probable (86.8 %)
that this value is not going to be reached.

4.4 Minimization of the Probability of
Exceeding the Capital Budget

The individual portfolios may vary by the
probability of exceeding the capital budget and
therefore this criterion can represent one of the
criteria of the portfolio assessment. In our case
we therefore solved a few optimization tasks of
the minimization of the probability of exceeding
the capital budget amounting CZK 560 million
with a gradually growing requirement for the
mean NPV value of the portfolio. The results of
these tasks solution are summarized in Table 7
(only mutually different solutions are stated here).

Tab. 6: 
The Results of Maximization of the Probability of Exceeding the Target NPV 
Value

Portfolio
Target value Portfolio
NPV (NPVc) structure

P(NPV≥NPVc) E(NPV) σ(NPV) E(U)

H 175 1, 2, 4, 5, 7–12 77.4 181.5 8.6 6.05

I 180 1, 2, 4, 5, 7–12 57.0 181.5 8.6 6.05

J 185 1 , 2, 4, 5, 7–12 34.2 181.5 8.6 6.05

K 180 1, 2, 4–10, 12 13.2 171.8 7.5 6.31

Source: own calculations 

Tab. 7: The Results of Minimization of the Probability of Exceeding the Capital Budget

Portfolio Lower limit P (IN ≥560) E(IN) E(NPV) σ(NPV) E(U) Projects 
E(NPV) (%) not included in 

portfolio

L 171 0.01 507 171.5 9.0 5.72 2, 3, 5

M 171 4.39 537 171.8 7.5 6.31 3, 11

N 175 0.80 526 176.4 8.5 5.69 2, 3, 6

P 177 25.94 532 177.0 9.2 5.35 2, 5, 6, 7

R 180 30.48 554 181.5 8.6 6.05 3, 6

Source: own calculations

The portfolio L leads to an absolutely
negligible exceeding of the investment costs
but it has a considerably high risk as measured
by a standard NPV deviation. If we required this
risk not to increase CZK 8 million, we would
gain portfolio M with approximately the same
NPV value but with a considerably higher mean
utility value (6.31). The probability that by
implementing this portfolio the capital budget
will be exceeded is less than 5%. Out of other
solutions there is portfolio N that leads to a very

small exceeding of the capital budget (0.80 %),
its mean NPV value being approx. by CZK 5
million higher than with portfolio M but there
was a considerable decrease in the mean utility
value (from value 6.31 to 5.69). With other
portfolios, P and R, and considering higher
requirements for the mean NPV value, there is
a considerable increase of the probability of
exceeding the capital budget. Figure 3 shows
the investment costs division probability of the
low risk portfolio M.
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4.5 Summary of the Results of the
Optimization of a Project Portfolio
under Risk

The results of the solution of the individual
optimization tasks now enable to select suitable
solutions and to assess them with regard to the
selected set of criteria. If we somewhat simplify
the portfolio assessment and consider the
capital budget as the only limiting source, then,
with regard to a certain difference in the
demandingness of the individual portfolios on
the funds, it might be more appropriate not to
work with the absolute criteria in the form of the
mean utility value or the NPV mean value but
with the relative values in the form of the mean
utility or NPV value as related to the mean
value of the unit of the investment costs spent.
As for other suitable criteria for the portfolio
assessment we might also consider the risk
with regard to the NPV expressed by the

standard deviation, the probability of exceeding
the NPV target value and the probability of
exceeding the disposable volume of funds.

The following selected results of the
optimization tasks were the assessed portfolios
whose common thread was the portfolio structure.
� Port1 corresponds to portfolios C, D, I, R

and EP5 and it does not contain projects 3
and 6.

� Port2 corresponds to portfolios K, M, EP4
and it does not contain projects 3 and 11.

� Port3 corresponds to portfolio E and it does
not contain projects 2 and 3 and its specific
nature consists in the fact that the capital
budget increases by CZK 3 million, to CZK
563 million, and the number of workers
increases by 8, to 248.
The values of the portfolio criteria together

with the mean values of utility and NPV are
shown in Table 8.

Fig. 3: The Investment Costs Division Probability of Portfolio M

Source: own calculations

Tab. 8: The Criteria Values of Selected Portfolios

Portfolio σ P(NPV≥180) P(IN≥560)
E(U) E(NPV) E(IN)

(NPV) (%) (%)

Port1 1.09 0.327 8.6 57.0 30.5 6.05 181.5 554

Port2 1.18 0.320 7.5 13.2 4.4 6.31 171.8 537

Port3 1.15 0.331 8.3 78.4 47.3 6.48 186.9 563

Source: own calculations

E(U)
–––––––
E(IN100)

E(NPV)
–––––––

E(IN)
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It may now be possible to carry out the
selection of the most suitable portfolio either in
the non-formalized way or by applying the
methods of the multi-criteria assessment.
� In case of the non-formalized approach we

would first compare the individual portfolios
from the individual criteria point of view, e.g.
Port3 is better than Port1 from the point of
view of the mean utility and NPV value, but
they are approximately at the same level of
risk etc. The choice of the portfolio, as far as
the risk is concerned, would be influenced
by the attitude of the decision maker.

� The formalized assessment of portfolios
would require setting the significance of the
individual criteria in the form of their weights
and applying some methods of the multi-
criteria assessment (e.g. [10]). This approach
is suitable especially in case of a greater
number of the assessed portfolios and
a larger set of assessment criteria, where the
non-formalized approach may fail. In our
task it would also be necessary to respect
the strong interconnection of the two following
criteria, namely the size of the mean NPV
value of portfolios and the probability of
exceeding the NPV target value.

Conclusion

The development of the project portfolios in the
form of an investment programme or a research
programme in the business practice is accom-
panied by a lot of drawbacks. Here are the
most significant ones:
� the way of handling risk (the portfolio is

mostly created in the quasi conditions of
certainty; i.e. on the basis of the only one
possible scenario of the future development);

� the projects are assessed and included into
the portfolio independently on one another;
i.e. their mutual relations either of the
deterministic or stochastic character are not
respected;

� the multi-criteria character of the task is
only seldom respected in the optimization
of the portfolio.
These and some other drawbacks of the

portfolio development, including for example
the absence of the projects interlinked with the
company strategic objectives, non-respecting
the various levels of risk of the individual
projects, the imbalance of the portfolio from the

point of view of the represented project types,
the intuitiveness of the creation without applying
the analytic tools based on quantitative data
are pointed out by for example [19], [21], [20],
[27] and [26]. The political character of the
process of the portfolio development can also
have negative impacts on the company
effectiveness. Instead of handling this issue as
a rational process considering the source
demandingness of the individual projects, their
corporate benefits, risks and mutual dependencies
it is rather a process that is insufficiently
transparent, aimed at pushing local interests,
compromising, demonstration of power
(Sanwall [28] calls this process Decibel-Driven)
and such like.

The above drawbacks can be eliminated, or
at least reduced by the application of the
optimization models, in which we characterized
partly the optimization of a project portfolio
development under risk in terms of the
deterministic equivalents of this task by means
of some models of bivalent programming, and
partly the stochastic optimization based on the
Monte Carlo simulation. Gaining suitable IT
support may not be enough for practical
application of these tools, which undoubtedly
provide invaluable information for creating
investment or research programmes, but it is
also necessary to create the needed personnel
and organisational prerequisites (including
providing the necessary know-how) and to
overcome the resistance towards change by
means of suitable motivation and first of all with
the help of the company top management (for
further detail see [14]). With regard to the fact
that the decision making process concerning
the investment programmes or research pro-
grammes belongs to the key decisions of
a strategic nature, the optimization of a project
portfolio development under risk may become
an important factor of the growth of
effectiveness and prosperity in any company.

The article was worked out as one of the
outputs of the research project called
“Competitiveness” (registration number VSE
IP300040) solved at the University of
Economics, Prague, Faculty of Business
Administration funded by institutional support of
the long-term conceptual development at
research institutions.
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Abstract

MULTI-CRITERIA PROJECT PORTFOLIO OPTIMIZATION UNDER RISK AND
SPECIFIC LIMITATIONS
Jifií Fotr, Miroslav Plevn˘, Lenka ·vecová, Emil Vacík

The development of a portfolio of investment projects is a relatively underestimated economic
practice, which often leads to wrong investment decisions with a negative impact on the corporate
performance. This development is often done under certainty, which means with the only one
possible scenario. The multi-criteria nature of the task character is also rarely respected. The
evaluation of projects is usually done in isolation, without any connection to other projects or
without taking into account dependencies between the projects.

This paper aims to specify the problem of optimization of development of a project portfolio
under risk (optimal allocation of scarce resources). The article offers two approaches to the
optimization. The first approach is based on deterministic equivalents with application of bivalent
programming (multi-criteria and mono-criteria optimization). The second one uses stochastic
optimization based on the Monte Carlo simulation. The application of these model approaches can
greatly improve the quality of the project portfolio development under risk.

Key Words: Project portfolio development, simulation Monte Carlo, investment projects, risk.
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