Oponentsky posudek disertaéni prace Mgr. Pavla Jiraska

»Podminky kompaktnosti ve varia¢nich metodach*

Predlozend diserta¢ni prace se zabyva hledanim postacujicich podminek
pro existenci kritického bodu daného hladkého funkcionalu. Tyto kritické
body v uvazovanych piikladech odpovidaji slabym feSenim jistjch okrajo-
vych tloh. Hledané podminky jsou dvou typl: prvni popisuji ,,geometrii“
daného funkcionalu, druhé se tykaji jeho jisté ,kompaktnosti“. Prace se sou-
stfeduje pfedevsim na podminky druhého typu - zabyva se zobecnénim Pa-
lais — Smaleovy podminky.

Predlozené prace se skldda ze sedmi kapitol. Prvni ,,Uvod“ poskytuje
(nutno Fici, Ze velmi struéng) ¢tenéfi informaci o obsahu prace. Druhd ,,Z4-
klady varia¢nich metod“ seznamuje ¢tenafe se zakladnimi vé€tami o minimaxu
(Mountain Pass, Saddle Point). V extrémné stru¢né (vzhledem k zavéreénému
shrnuti, v némz se mluvi o této kapitolce jako jedné ze dvou obsahujicich
hlavni ptvodni vysledky préace ) tieti kapitole je uvedena mozZnost, jak lze
vyuZzit véty o minimaxu i v pfipadé, Zze dany funkcionél predpoklddanou ge-
ometrii nema. V kapitole ¢tvrté ,Diferencidlni rovnice druhého fddu z varia-
¢niho pohledu® je nejdfive ilustrovano uziti véty o sedlovém bodé pii dikazu
existence slabého feSeni homogenni Dirichletovy tlohy pro danou obycej-
nou diferencidlni rovnici a pak jsou (op&t na homogennich Dirichletovych
tlohédch v 1D) zkoumény ,geometrické“ vlastnosti, které plynou ze splnéni
predpokladt Fredholmovy alternativy ¢i Landesman - Lazerovych podminek.
V kapitole paté ,,Zobecnéné podminky kompaktnosti“ jsou nejdiive (bohu-
zel bez odkazu na zdroj) definovény Palais - Smaleova, Ceramiho a obecnd
podminka kompaktnosti a zkoumany vzajemné vztahy téchto podminek. Pak
nésleduje prepis-pieklad nékolikastrankového diikazu zobecnéného deforma-
¢niho lemmatu z prace Amrousse (neni mi zfejmy smysl tohoto ¢inu - bylo-li
cilem uchranit ¢tenare od shanéni ptislusného ¢lanku, bylo nezbytné pielozit
i pouZivan4 a v citované praci i dokdzand pomocné lemmata) - Ze se vlastné
jedné o nékolikastrankovou citaci, by mélo byt uvedeno! Posledni ¢ast této
kapitoly je ukézkou pouZiti Ceramiho (misto Palais-Smaleovy) podminky.
Kapitola Sest ,,Aplikace na p-Laplacian® je ziejmé klicovou kapitolou pied-
loZené prace a obsahuje zobecnéni vysledk P. Drabka a P. Takace tykaji-
cich se Palais-Smaleovych posloupnosti funkcionalu korespondujiciho s jistym
homogennim Dirichletovym problémem pro p-Laplacian. Prace je ukoncena
nékolikaradkovym ,,Zavérem”.

A ted k samotnému hodnoceni prace. Zkoumané téma je uréité aktualni,
o éemz sv&déi (mimo jiné) i mnozstvi praci, které jsou tomuto pristupu k okra-
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jovym Glohdm vénovény. Nelze oviem pfehlédnout, Ze predloZend price pfi-
nasi velmi malo ptivodnich vysledkt a Ze neni dobfe napsand. V préci je (na
muj vkus) pfili§ mnoho chyb a nejasnosti, a to bohuZel i pfi uvadéni zaklad-
nich poznatki této discipliny. Pokusim se na né&kolika vybranjch pfikladech
(uvedenych v pofadi, jak 8ly v praci za sebou) ukézat, co mdm na mysli.

e str. 35,9 ... uveden tvrzeni neplati

str.

str.

str.

str.

84 ... uvedené tvrzeni neplati
4 ... pouzivané pojmy nejsou v souladu s citovanou knihou [7]
512 ... jedna se o globalni minimum

8 ... dlikaz citované véty (kterd je uvedena nespravnym odkazem)

je doslova pfepsan z 7], jen byly vynechdny argumenty, pro¢ uvidéné
tvrzeni plati ...

str.

str.

str.

str.

str.

str.

str.

85 ... jedna se o Corollary 7.4.24 z [7]

92 ... mohou to byt i lokalni extrémy

9-11 ... véty jsou i s diikazy (aniZ je to uvedeno) pfepsany z [7]
10% ... k ¢emu je dobré volit & libovolné malé?

138 ... co se rozumi spocetnou bazi Banachova prostoru?

144, 14%, 14,5 ... uvedena tvrzeni neplati

14-15 ... Véta 3.1 (jeden z hlavnich vysledkd prace!) podle m&

neplati (v ditkazu je chyba v domnénce na str. 157, %e z posloupnosti
{z% } 1ze vybrat podposloupnost pozadovanych vlastnosti)

str.

str.

str.

str.

23° ... nezd4 se mi posledni nerovnost (vzhledem k str. 19)
28 ... Poznamka 4.2 neplati
406 ... nerozumim

41° ... to neplati (a dikaz se zadrhne...)



e str. 513 ... aby to bylo v pofadku, bylo by tfeba jinak definovat klasické
feSeni

e str. 52 — 60 ... Nikde neni zformulovano tvrzeni, které se na mnoha
strdnkach (pro mne nepfehledné) dokazuje. Navic: pfedloZeny dikaz
existence slabého feSeni se opird o nikde nezformulované véty tykajici
se Ceramiho ¢&i obecné podminky kompaktnosti (poznamka na strané
45 nahote dle mého nazoru nestaci). Navic: tyto véty by se sluselo (kdyz
uz se tolik energie vénovalo pfekladu diikazu Véty 5.1) i dokazat.

e podstatné ¢asti kapitoly 6.2 jsou pievzaty beze zmény z ¢lanku [8],
mélo by to byt uvedeno

e str. 66; ... co je ¥7

e str. 611 ... tvrzeni c) ve V&t& 6.2 - kliové v&t& celé disertace - je opsané
tvrzeni d) z pfedchozi véty.

e str. 67'5 ... neni nikde napséno, co je «
e str. 673 ... to je divné ...

o str. 74! ... prave z4vér této asti (jinak vlastné z [8] prevzatého) dikazu
by mél byt zargumentovan podrobnéji

Kromé uvedenych nedostatkl lze v praci najit celou fadu pieklept ¢i
nestastnych formulaci.

Zavér: zpracovavané téma mi pfipadd zajimavé, ovSem z vySe uvede-
nych divoda ji nedoporucuji k obhajobé.
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Reviewer’s Report on the Doctoral Thesis (Ph.D.) |

- “Podminky kompaktnosti ve variaénich metodach”

- (“Compactness conditions in variational methods”)
submitted by Mgr. Pavel J irések (University of West Bohemia)

(second version after a major revision)

This thesis is concerned with applications of certain special variational methods, combining
the saddle point and mountain pass theorems with the Palais-Smale(-Cerami) condi-
tion, to quasilinear ordinary and partial differential equations of second order containing
power-like nonlinearities of matching (p — 1)-homogeneity. The main form of problems
considered here reads as follows: '

— Apu = Auf2u+ f(z) in Q; v=0 on 00, (1)

where @ C RY is a bounded open connected set (i.e., a bounded domain), Ayu =
div (|VulP~2|Vu) is the quasilinear p-Laplace operator, 1 < p < co, A,: WyP(Q) —
w-7(Q), % + 1% =1, A € R is the spectral parameter close to the first eigenvalue \; of
—A,, and f € W% (Q) is a given function typically in L®(£2). The boundary 8Q of Q is
assumed to be a sufficiently smooth, compact submanifold in R¥.

After introducing variational problems and methods in Chapters 1 and 2, an effort is
made in Chapter 3 to investigate such critical points of functionals at which the functional
does not have a saddle point or mountain pass geometry. The main result in this chapter,
Theorem 3.1 on pages 14 — 15, is too weak to be considered a useful contribution to
Variational Caculus. There is no deep idea hidden behind this theorem. Chapter 2 is a
somewhat chaotic “Introduction to Variational Methods”. Basic definitions and results
are recalled and partly proved. Some of them are never used later, others (e.g:, some
important definitions) are missing (e.g., the definition of Géiteaux derivative). I have
never used nor have I ever encountered weakly anti-coercive functionals; this concept is
completely redundunt (never used later). On one hand, this chapter contains only well-
known classical results from the monograph by P. DRABEK and J. MiLoTA (Ref. [7]). On
the other hand, it tries to refer to possibly original articles which makes the entire chapter
much more difficult to read as one has to consult numerous original articles from various
sources. Chapter 2 has to be adapted to what is needed later.

In Chapter 4, second-order semilinear Dirichlet problems for ordinary differential equa-
tions of the following type are studied by standard variational methods:

w'Eteu +Au+gtu(t) =0 forte(0,m); u(0) = u(w), (2)



where g: (0, 7)xR — R is a continuous nonlinearity whose asymptotic behavior ast — +oo
is determined by a single linear function at both, +oo. Landesman-Lazer-type results are
proved; none of them new.

Chapter 5 contains compactness studies that compare the classical Palais-Smale con-
dition with a weaker version thereof due to G. Cerami; the latter is then called the Palais-
-Smale-Cerami condition. The author gives a further generalization of this condition,
illustrated by a number of nice examples and countere)éamples. Some of them are quite
- simple, but mostly very helpful for good understanding of the problem setting.” The style
of this chapter is quite chaotic. In §5.4 the hypotheses on the reaction function g(¢,z) are
hidden on p. 52, so that on p. 51 it is unclear if the definitions spelled there are meaningful.
On p. 55 it should be recalled in which function space the sequence {20} is bounded.
This should be done also for all other sequences used on p. 55 and 56.

The most important and innovative part of the thesis is Chapter 6. Standard variational
methods are applied to problem (1). For the applications of the saddle point and mountain
pass theorems, it is necessary to investigate the validity of the Palais-Smale(-Ceramsz)
condition. In fact, this is the central question of the entire Chapter 6. The main new
results obtained by Mgr. Pavel Jirdsek are collected in Theorem 6.2 on pages 66 — 67.
Parts (a) — (d) of this theorem try to compare author’s new results with the corresponding
results obtained by P. DRABEK and P. TAKAC in Ref. [8] and recalled here in Theorem
6.1 on p. 66. However, this comparison is somewhat messed up: Parts (a) and (b) of both
theorems are comparable. Part (c) of Theorem 6.1 does not seem to be comparable to any
part of Theorem 6.2, whereas Part (d) of Theorem 6.1 seems to match Part (c) of Theorem
6.2. This comparison certainly needs some improvement. Throughout entire Chapter 6, it
is often unclear which of the alternatives the author assumes, 1 <p<2or2<p < oo ?

The summary of the results and difficulties with questions left open, presented in Chap-
ter 7, is too short to provide any more useful information in addition to the previous six
chapters. This chapter should be rewritten in a more specific manner.

e Page 64: A very basic (series of) trouble(s) are several claims (but not the final
conclusions) in the second paragraph on page 64. Especially the claim

“Navic Qq lze uzaviit v L*(Q) ...”
has to be defined precisely and proved !

The author of this thesis, Mgr. Pavel Jirdsek, has treated an interesting, quite difficult
subject in a respectful way. He has studied interesting, complicated open questions of
the Calculus of Variations. However, his thesis is still poorly written from the rigorous
mathematical point of view, although there is significant improvement of the first version.
The problem setting and hypotheses are often stated at the beginning of the thesis, at
best at the beginning of a chapter, and later used in a rather chaotic manner. Often, it



is very unclear which hypotheses are necessary and which are not. One can only guess
which hypotheses should be used. Above, I have listed only the worst mathematical errors.
There are plenty more errors in this thesis but, say, of a more tr1v1al character that the
candidate himself should be able to find.

After having corrected all errors and mistakes, some of them suggested above, the
author will be ready to defend his thesis.

I do not recommend that this Ph.D. thesis be accepted in partial fulﬁllment of the
requirements for obtaining the Ph.D. degree from the University of West Bohemia in Plzei.
I cannot see any chance that the candidate could be able to defend this version of his thesis,
but I see a good chance for corrections of numerous weaknesses of the current version which
could lead to a successful final version of this thesis.

In Rostock, November 14, 2016

Prof. Dr. Peter Takd¢, Ph.D.
Lehrstuhl fiir Angewandte Analysis
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