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NUMERICAL SCHEMES FOR EQUATIONS
OF VISCOUS COMPRESSIBLE FLOWS:
ANALYSIS AND GEOMETRY

Piedlozend doktorsks préace se sklada z ivodu a Sesti ¢lankd, které bud
jiz byly publikovany v impaktovanjch ¢asopisech, nebo byly zaslany do caso-
pisti a probihé recenzni ¥izeni. Uvodni &4st obsahuje velmi struény tGvod do
problematiky, kterd je déle studovéna, je pfedstaven piinos autora v obou
¢astech (numerickd analjza a geometrie) a je uvedena fada problémi, v je-
jichz studiu by autor mohl po obhéjeni prace pokracovat. Nasleduji t¥i prace,
které obsahuji piinos autora v oblasti numerické analyzy: spole¢ny clanek
s Bangweiem She, ktery se tyka vlastnosti numerické metody zaloZené na
metodé siti (konednych diferenci), spoleéna préce se skolitelem a M. Michal-
kem, ktera se tyka konvergence a stability numerické metody pro stlacitelny
Navier—Stokes—Fouriertiv systém v hladkych oblastech zalozené na metodé
koneénych prvkl a objemti a spoleéné préce se Skolitelem, D. Maltesem a
A. Novotnym, kterd se tyk4 odhadu chyb numerické metody pro stlacitelné
Navier—Stokesovy rovnice. Posledni dvé prace vysly v mezindrodnich ¢asopi-
sech s impaktnim faktorem. Zbylé t¥i prace se tykaji problematiky tvorby siti.
Byly sepsény bez spoluautorti. Prvni prace, kterd vysla v ¢asopise Applicati-
ons of Mathematics, souvisi s problematikou tvorby sit& tak, aby polyhedréalni
oblast tvofend jednotlivimi elementy sité v jistém smyslu rovnomérné apro-
ximovala hladkou oblast zevnit¥. Druhd préace, publikované v tom samém ¢a-
sopise, se tyka konstrukce zjemnéni sité tvoiené ¢tyfstény v obecné dimenzi
tak, aby piislusné zjemnéni nevedlo k degeneraci ¢éty¥stént. Posledni prace, u
které jesté probih4 recenzni Fizeni, se tyka konstrukce pokryti d-rozmérného
prostoru pomoci simplexti, pfi¢em?z je studovana tvarova optimalizace tohoto
pokryti.

PtedloZena prace je nepochybné zajimavym piispévkem k numerické ana-
lyze schémat aproximujicich rovnice stlacitelného proudéni jakoz i ke geome-
trickym otazkam tykajicim se tvorby siti. Kazda ¢ast zvlast by ziejmé mohla
byt obhajena jako doktorska prace, coz ukazuje nejen vysokou troveti pied-
lozené préce, ale i §ii'i zdb&ru autora. Vysledky doktorské prace jsou publi-
kovény v kvalitnich &asopisech s impaktnim faktorem a zbylé préace, pokud
se tak jest& nestalo, budou nepochybné téz piijaty k publikaci.
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Formélni a jazykové troveti je na dobré Grovni (coZ vzhledem k charakteru
prace je zcela pfirozené). Pokud jde o né&kolik drobnych pfipominek, tak na
strané 2 jsou uvedeny nestlacitelné Navier-Stokesovy rovnice a je uvedeno,
ze se ziskaji ze stladitelného systému pouZitim podminky nestladitelnosti.
Je tieba Tici, Ze toto neni tak p¥imodaré vzhledem k rtiznému charakteru
tlaku pro stlacitelny systém (dand funkce tlaku, popiipadé teploty) a nestla-
Citelny systém (nezndmé funkce). Pokud jde o samotné &lanky, tak ¢lanek
v Appendixu A (spoleény ¢ldnek s B. She) obsahuje vétsi podet drobnjch
typografickych chyb (Carky ¢i tecky ve formulich, kde nemaji byt).

Zavérem, predlozend doktorské prace Mgr. Hoska je na vynikajici trovni,
obsahuje zajimavé vysledky v numerické analyze rovnic stlacitelného prouds-
ni i v problematice geometrickych vlastnosti siti a doporuéuji ji k obhajobé.

Jako ndmét k diskuzi u obhajoby bych se r4d zeptal, jestli se Mgr. HoSek
jiz zacCal vénovat nékterym z otevienych problémt uvedenych na str. 15-16
dizertace a pfipadné uvedl, jakych vysledkt dosihl.
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The present dissertation deals with numerical analysis of compressible viscous fluids. The equa- |
tions describing motion of compressible viscous flows follow from basic conservation laws: the |
conservation of mass, the momentum and energy. The resulting nonlinear coupled hyperbolic- |

parabolic system is called the Navier-Stokes-Fourier system. In the case that the pressure depends
only on some power of the density, the flow is called barotropic and the Navier-Stokes system
consists of the mass and momentum equations. For the latter the existence of the weak solutions

has been firstly shown by P.L. Lions in 1998 and later generalized by Feireisl, Novotny and |

Petzoltova in 2001. The full system has been studied by Feireisl (2004).

The question of convergence of a suitable numerical scheme for the compressible Navier-Stokes |
flows has been open for a long time. Since very recently some fundamental results have been |

published by the group of Feireisl, and Gallouet, Novotny et al. More precisely, the convergence of |

a suitable numerical method has been firstly studied by Karper (2013) and later by Feireisl, Karper,
Novotny (2015) and Feireisl, Karper, Michalek (2016). Here the approach of P.L. Lions is general-
ized and applied to the implicit combined finite volume-finite element scheme. Another approach to

investigate convergence properties is based on the use of the relative entropy inequality and an |

assumption of the existence of a smooth exact solution. Consequently, the error estimates for
barotropic Navier-Stokes equations for the combined finite volume-finite element method have
been proven firstly by Gallouet, Herbin, Maltese, Novotny (2016).

Radim Hosek builds in his thesis on these cutting edge studies and contributes with some very
important original results to further development of the convergence and error analysis of the
compressible Navier-Stokes equations. The dissertation is written as a cumulative thesis and con-
sists of a short introduction to the research area and six author’s publications:

[A] R. Hosek, B. She: Stability and consistency of a finite-difference scheme for compressible
viscous isentropic flow in multi-dimension, submitted (2017)

[B] E. Feireisl, R. Hosek, M. Michalek: A convergent numerical method for the full Navier-Stokes — |

Fourier system in smooth physical domains, SIAM J. Numer. Anal. 54(5):3062-3082 (2016)

thematik und Informatik

Prof. Dr. Maria Lukacova
AG Numerik

Johannes Gutenberg-Universitat Mainz
(JGU)

Staudingerweg 9

55128 Mainz

Tel. +49 6131 39-22831
Fax +49 6131 39-23331
Mail lukacova@mathematik.uni-mainz.de

Sekretariat:

Brigitte Burkert

Raum: 05-431

Tel. +49 6131 39-22270

Fax +49 6131 39-23331

Mail burkertb@mathematik.uni-mainz.de

www.mathematik.uni-mainz.de
/Membersilukacova




Seite 2
JGlu

sjonannes GUTENBERG
UNIVERSITAT MAINZ

[C] E.Feireisl, R. Hosek, D. Maltese, A. Novotny: Error estimates for a numerical method for the compressible Navier-Stokes
system on sufficiently smooth domains, ESAIM:M2AN 51(1):279-319 (2017)

[D] R. HoSek: Face-to-face partition of 3D space with identical well-centered tetrahedra, Appl. Math. 60(6):637-651 (2015)

[E] R. HoSek: Strongly regular family of boundary-fitted tetrahedral meshes of bounded C*2 domains, Appl. Math. 61(3):233-
251 (2016)

[F]R. Ho3ek: Construction and shape optimization of simplical meshes in d-dimensional space, submitted (2016)

The thesis is divided into two parts. The first part is devoted to the stability, consistency and convergence/error analysis of
suitable numerical schemes for compressible Navier-Stokes equations. In [A] finite-difference method on staggered grid, the
so-called MAC scheme is considered for the approximation of the barotropic Navier-Stokes equations. The authors prove the
consistency and stability with respect to suitable norms. Numerical experiments demonstrate first order convergence of the
scheme. Consequently, it will be interesting to investigate the convergence or error analysis also theoretically. In publication
[B] an interesting question of variational crimes is studied. These arise due to the discretization of smooth domains by tetra-
hedral elements. Generalizing the previous results of Feireisl et al. the authors prove unconditional convergence of the
combined finite volume-finite element method to the solution of the full compressible Navier-Stokes-Fourier system. A similar
question of approximation of smooth domains by a suitable mesh is studied also in [C] in the context of barotropic Navier-
Stokes equations. Here the authors assume that a strong solution exists at least locally in time. The main ingredients of the
proof are the discrete relative entropy inequality and the weak-strong uniqueness due to Feireisl, Jin and Novotny (2012).

The second part of the dissertation deals with the geometrical analysis of suitable meshes that are important to obtain
previous convergence results on smooth domains. In [D] the Sommerville construction is discussed in order to create face-to-
face tetrahedral meshes of 3D domains. The range of parameters is determined, for which the tetrahedra contain the centers
of their interior spheres (the so-called well-centered property). The question of existence of family of boundary-fitted meshes
is studied in [E]. The author answered positively the question, whether for three-dimensional domains it is possible to con-
struct body-fitted convergent mesh discretizations. The Sommerville tetrahedra play again a crucial role. In [F] the author
provides a constructive proof of a face-to-face simplicial partition of d-dimensional space by space-filling tetrahedral. The
question of shape optimal value of the corresponding parameters is studied as well and the KKT (Karush-Kuhn-Tucker)
condition is shown.

The thesis is written in a clearly understandable way. Introductory part gives a good introduction into the scientific area and
nicely summarizes the main author's results. Thesis clearly documents author’s high level publication activity. Since it is a
thesis in numerical mathematics, | would appreciate more experimental results conducted by the candidate, that would
demonstrate schemes behaviour. Indeed, numerical experiments often help to predict the convergencelerror properties of
the underlying scheme. | have some questions that can be discussed after the thesis presentation:

1) The candidate is asked to present briefly the derivation of the renormalized equation for the continuity equation in
the case of the finite-difference scheme. Please point out the main ideas, the similarities and differences with the
proof of Feireisl, Novotny et al. for the combined finite volume-finite element method.

2) What are the main reasons that the convergence result for the finite-difference scheme is not obtained?

3) Would it be possible to show error estimates for the finite-difference scheme for the barotropic Navier-Stokes equa-
tions using the relative entropy inequality? Can the discrete relative entropy inequality be derived?
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Zavér: PredloZena prace splfiuje vSechny predpoklady na Uspesnou disertaéni préaci a doporu¢uji ji k obhajobé.
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