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ABSTRACT

We investigate uniform versions of (metric) regularity and
strong (metric) regularity on compact subsets of Banach
spaces, in particular, along continuous paths. These two prop-
erties turn out to play a key role in analyzing path-following
schemes for tracking a solution trajectory of a parametric gen-
eralized equation or, more generally, of a differential gener-
alized equation (DGE). The latter model allows us to describe
in a unified way several problems in control and optimization
such as differential variational inequalities and control systems
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AMS SUBJECT

with state constraints. We study two inexact path-following
methods for DGEs having the order of the grid error O(h) and
O(h?), respectively. We provide numerical experiments, com-
paring the schemes derived, for simple problems arising in
physics. Finally, we study metric regularity of mappings associ-
ated with a particular case of the DGE arising in control theory.
We establish the relationship between the pointwise version
of this property and its counterpart in function spaces.

CLASSIFICATION (2010)
49k40; 49J40; 49J53; 90c31

1. Introduction

We are going to investigate uniform (metric) regularity and strong (metric) reg-
ularity on compact subsets of Banach spaces of mappings which are defined
as a sum of a single-valued (possibly non-smooth) mapping and a set-valued
mapping with a (locally) closed graph. In the second section, we recall basic
definitions from regularity theory and derive a result guaranteeing that a per-
turbed problem has a solution which is similar to the classical Lyusternik-Graves
and Robinson theorem. Conditions ensuring uniform [strong] regularity along
continuous paths are obtained as a corollary. Roughly speaking, by the word ‘uni-
form’ we mean that the constants as well as the size of neighbourhoods, appearing
in the corresponding definitions, remain the same for a certain set of mappings
and/or points. These properties turn out to be the key ingredients in the proofs of
the non-smooth Robinson’s inverse function theorem [1] and Lyusternik-Graves

CONTACT R. Cibulka @ cibi@kma.zcu.cz @ Faculty of Applied Sciences, Department of Mathematics,
University of West Bohemia, Univerzitni 22, 306 14 Pilsen, Czech Republic

© 2018 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.
org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/02331934.2018.1547383&domain=pdf&date_stamp=2019-03-22
http://orcid.org/0000-0002-3626-4652
mailto:cibi@kma.zcu.cz
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

550 (&) R.CIBULKAETAL.

theorem for the sum a Lipschitz function and a set-valued mapping with closed
graph [2]. To the best of our knowledge there is no self-contained study of these
properties in the literature and the results are scattered here and there.

In the third section, we study two (inexact) path-following methods for a
differential generalized equation (DGE), a model introduced in [3], which is a
problem to find a pair of functions x : [0, T] — R” and u : [0, T] — R™ such
that

x(t) = g(x(t), u(t)),
0 € f(x(t), u(t)) + F(u(t)), forall t € [0, T], (1)
x(0) = x,,

with a fixed T > 0, single-valued functions f : R" x R — R? and g: R" x
R™ — R", a set-valued mapping F : R” = R¥, and a given initial state x, € R".
This model allows us to describe in a unified way several problems in control
and optimization such as differential variational inequalities and control systems
with state constraints (see [3] and references therein). The first scheme, requiring
stronger smoothness properties of the solution trajectory of (1), is based on the
modified Euler (Euler-Cauchy) method for solving differential equations and is
shown to have the grid error of order O(h?). On the other hand, the latter scheme,
based on the Euler method, has the grid error of order O(h) but requires Lipschitz
continuity of the solution trajectory only. We provide numerical experiments,
comparing the schemes derived and a standard MATLAB function ODE45, for
two simple problems arising in mechanics and electronics, respectively. The
results from [3] are extended in several directions. Namely, higher-order and
inexact schemes are investigated and a weaker (non-strong) metric regularity is
also considered.

In the fourth section, we study regularity of mappings associated with the
problem of feasibility in control, which is the problem to find a pair of functions
x:[0,T] > R"and u : [0, T] — R™ such that

x(t) = gx(t),u(t)) and f(x(t),u(t)) € Uy forae.te[0,T], x(0)=0,
(2)
with T, f and g as before and a given closed convex subset U, of R. Note that
we request (2) to hold for almost every t only instead of for every t in (1) with
F = —U,; and x; = 0. The required ‘quality’ of the functions x(-) and u(-) will
be described later in particular statements. We focus on the interplay between the
pointwise conditions and their uniform and infinite-dimensional counterparts.
We extend several results from [3].
Basic notation. The distance from a point x to a subset A of a metric space (X, 0)
is d(x, A) = inf,c4 0(x, y). The closure and the interior of A is denoted by cl A
and int A, respectively. Given sets C, D C X, the excess of C beyond D is defined
by e(C, D) := sup,c d(x, D). We use the convention that inf ) := +oc and as we
work with non-negative quantities we set sup ) := 0. The closed ball centred at a
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point x € X with a radius r > 0 is denoted by IB,(x). A set A C X is locally closed
at its point x if there is r > 0 such that the set A N IB,(x) is closed. Any single-
ton set will be identified with its only element, that is, we write a instead of {a}.
By F : X =% Y we denote a set-valued mapping between sets X and Y , its graph,
domain, and range are the sets gph F := { () eXxY|ye F(x)}, domF :=
{x € X|F(x) # VJ}, and rgeF := {y €Y |3Ix e Xwithye F(x)}, respectively.
The inverse of Fisamapping Y 5 y —> F‘l(y) = {x eXl|ye F(x)}. We write
f: X — Y to emphasize that the mapping f is single-valued. The space of all
single-valued linear continuous operators acting between Banach spaces X and
Y is equipped with the standard operator norm and denoted by £(X,Y). The
space R" is equipped with the Euclidean norm, while the Cartesian product of
two or more spaces is considered with the box (product) topology. By a.e. we
mean almost every in terms of the Lebesgue measure.

2. Uniform regularity

In our analysis, we employ two key concepts from set-valued analysis called regu-
larity and strong regularity of a set-valued mapping. Let us emphasize that unlike
definitions in [4], we prefer not to include the assumption that the mapping under
consideration has a locally closed graph in any definition of regularity.

Definition 2.1: Consider metric spaces (X, 0), (Y,0), a point (x,y) € X x Y,
and a non-empty subset U x V of X x Y. A mapping F : X =3 Y is said to be

(i) regular on U for V if there is a constant ¥ > 0 such that
d(x, F_l(y)) <kd(@y,F(x)NnV) forevery(x,y) € UxV;

(ii) globally regular if F is regular on X for Y ;
(iii) regular at x for y if y € F(x) and there are positive constants a, b, and «
such that

d(x, Ffl(y)) <k d(y, F(x)) for each (x, y) € B,(X) x By(y).

The infimum of k > 0 such that the above inequality holds for some a > 0
and b> 0 is the regularity modulus of F at x for y and is denoted by

reg(F;x 1 y).

Clearly, if F is regular at x for y with a constant ¥ and neighbourhoods IB,(x)
and By (), then F is regular on IB,(x) for IB,(y) with the same constant. On the
other hand, when the sets U and V are neighbourhoods of points x and y, respec-
tively, and y € F(x), then regularity of F on U for V implies regularity of F at x
for y. The constants are the same again but neighbourhoods may differ [4, Propo-
sition 5H.1]. By the Banach open mapping principle, a mapping A € L(X,Y) is
globally regular if and only if it is surjective.
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Definition 2.2: Consider metric spaces (X, 0), (Y,0), a point (x,y) € X x Y,
and a non-empty subset U x V of X x Y. A mapping F : X = Y is said to be

(i) strongly regular on U for V if there is a constant k > 0 such that the
mapping o : V 3 y —> F~1(y) N U is both single-valued and Lipschitz
continuous on V = dom o with the constant «;

(ii) strongly regular at x for y if y € F(x) and there are neighbourhoods U of x
and V of y such that F is strongly regular on U for V.

First, we present a statement concerning perturbed [strong] regularity on a set.

Theorem 2.3: Let (X, || - ||) and (Y, || - ||) be Banach spaces, let G: X = Y be a
set-valued mapping, and (x,y) € X x Y. Assume that there are positive constants
a, b, and k such that the set gph G N (B, (x) x IBy(»)) is closed in X x Y and G is
[strongly] regular on IB,(x) for IBy(y) with the constant k. Let . > 0 be such that
kK < 1andlet k' > k/(1 — k). Then for every positive a and 8 such that

2'B+a<a and pQRc'B+a)+28<b (3)
and for every mapping g : X — Y satisfying

gl < B and |Ig(x) — gl < pllx — X'|| for every x,x" € Baep1a(%),
(4)
the mapping g+G has the following property: for every y, y' € Bg(y) and every
x € (g + G)L(y) N By (X) there exists a [unique] point x' € By, g4 (X) such that

Yy eg() +G&) and x| <«'lly =yl (5)
Proof: We shall imitate the proof of [4, Theorem 5G.3]. First, suppose that G is

regular on B, (x) for IB,(y) with the constant k. Choose any « and B, and then
any g as in the statement. Then

y—g(x) € By(y) foreach (x,y) € Bygia(X) x Bg(p). (6)
Indeed, fix any such a pair (x, y). Then (4) and (3) imply that
Iy —g@) =yl < llg®I + 11gx) =gl + 1y =yl < B+ nlx—xIl + B
<28+ uQ@c'B+a)<b

Fix any two distinct y, y € Bg(y) and any x € (g + G)7l(») N By (X). Let r :=
£'lly — y'|l. As r < 2«k’B, the first inequality in (3) implies that

B, (x) C Box'pta (%) C Ba(x).
Consider the mapping
X3 ur— @(u) = @y(u) := G*I()/ —g(u)) c X.

It suffices to show that there is a fixed point x’ of @ in IB,(x), because then x" €
(g + G)71(y) and the desired distance estimate holds. To obtain such a point x’
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we are going to apply [4, Theorem 5E.2]. The set €2 := gph @ N (BB, (x) x IB,(x))
is closed. Indeed, pick any sequence (x,, z,) in £ converging to a point (x,z) €
X x X. Clearly, (x,z) € IB,(x) x IB,(x). The definition of @ and (6) imply that

(zn>y' — g(xn)) € gph G N (Br(x) x By(y)) C gph G N (Ba(X) x By(7))
for eachn € N.

Passing to the limit we get that (z,y" — ¢(x)) € gph G, that is, (x,z) € gph ®.
According to (6) we have y — g(x) € G(x) N By(y) and y' — g(x) € By(¥),
thus regularity of G on IB,(x) for By(y) yields that

d(x, ®(x)) = d(x, G (Y — g(x)) <k d(y — g(x),Gx) NByp(») < «lly — ¥l
<k'ly=y1AQ —kp) =r(d —kp).

Letu,v € IB,(x) bearbitrary. Pick an arbitrary w € @ (1) N B,(x) (if thereis any).
Asy — g(u) € G(w) N By(y) and y' — g(v) € By(), we get

d(w, @ (v)) = d(w,G™' () — g(v))) <« d(y — g(v), G(w) N By())
= kligu) —g)].

This means that

e(@ (1) N By(x), ®(v)) < kllg) —gW)|| < xplu—v]
whenever u, v € IB,(x).

The assumptions of [4, Theorem 5E.2] are verified. The existence of x' €
By g+ (X) satisfying (5) is established.

Now, let G be strongly regular on IB,(x) for BBy(y) with the constant «.
To prove the uniqueness, it is enough to show that the mapping Bg(y) >
y— o) :=@g+G N IBy,'g+o(X) is nowhere multivalued. Assume on
the contrary that for some y € IBg(y) there are two distinct points x1, x; €
o (y). Clearly, x; € G™1(y — g(x1)) N B,(X) and x; € G~ 1(y — g(x2)) N By(%).
By (6), the points y — g(x1) and y — g(x») are in IB,(y). Hence 0 < [[x; — x2[| <
kllg(x1) —gx2) |l < kpllx1 — x2]| < |lx1 — x21|, a contradiction. |

If, in addition to the assumptions of Theorem 2.3, we have (x,y) € gphG,
then we arrive at [5, Theorem 2.3] which is a slight improvement [4, Theorem
5G.3], where it is supposed that G is regular at x for y with the constant x and
neighbourhoods 1B, (x) and 1By (y).

Remark 2.4: Under the strong regularity, the reasoning used at the end of the
proof of Theorem 2.3 implies that the function o, defined therein, is Lipschitz
continuous relative to dom o C Bg(y) with the constant «’. If, in addition,

(Bo(®) x Bg(3) N gph(g + G) # 0, )

then dom o = BBg(y) and consequently g+G is strongly regular on By, (X)
for Bg(y). Note that (7) holds, for example, when (x, y) € gph G.
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We also get the following uniformity result.

Corollary 2.5: Under assumptions of Theorem 2.3, let y € [0,«), § € [0, B),
and (x,y) € By, (x) x Bs(y) be arbitrary. Then the mapping g+G is regular on
By (x) for Bg_s(y) with the constant k.

Proof: Let constants y and § along with a pair (x, y) be as in the premise. Set
U:=By_y(x)and V := Bg_s(y). We have to show that

d(u, (g+ G)_l(v)) <«'d(v,(g+ G)(w) NV) for every (u,v) € U x V.

Fix any such a pair (u, v). Pick an arbitrary v" € (g + G)(u) N V (if there is any).
Noting that U x V' C By (x) x Bg(y), Theorem 2.3 yields u’ € (g + G)"(v)
with |lu — /|| < «'[lv—v'||. Hence d(u,(g+ G)~'(v)) < |lu—u'|| <«'|[v—
V'||. As v’ € (g + G)(u) N V was arbitrary, the proof is finished. |

We show now that the regularity at each point of a compact set implies uniform
regularity, that is, we can choose the same constant and neighbourhoods for all
points in this set.

Theorem 2.6: Let (P, 0) be a metric space, let (X, || - ||) and (Y, || - ||) be Banach
spaces, and let Q2 be a compact subset of P x X. Consider a set-valued mapping
F:X = Y and a mappingo : P x X — Y such that

(i) foreachz = (p,x) € Q2 the mappingX > v — G,(v) := o (p,v) + F(v) C
Y has a locally closed graph at (x,0) and is [strongly] regular at x for 0;

(ii) for each z = (p,x) € Q and each p > 0 there is § > 0 such that for each v,
v' € Bs(x) and each p’ € Bs(p) we have

o', v) = o)) = [o(p',v) — o (]Il < pllv — V'l
(iii) for each x € X the function o (-, x) is continuous.

Then there are positive constants a, b, and k such that foreachz = (p,x) € Q the
mapping G, is [strongly] regular at x for 0 with the constant k and neighbourhoods
B, (x) and By (0).

Proof: Fixanyz = (p,x) € Q2. Using (i), we find positive constants az, bz, and
such that the set gph G5 N (1B, (x) x 1By (0)) is closed in X x Y and Gj is regu-
lar on BB, (x) for By, (0) with the constant «z. Let 1z := 1/(2«z) and k7 := 3«;.
Then kzpuz < 1 and & > 2«7 = kz/(1 — kzpz). In view of (ii), there is oz €
(0, min{az /2, 3kzbz/4}) such that for each v, v' € B,y (X) and each p € By, (p)
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we have
o (psv) — o (0] = [o(p,v) — o (B, V]I < pzllv — V'|l. (8)
Let Bz := az/(2«%). Then
26,8 + oz =20z < az and  pz(2k;fz + az) +2B;
_ oz o3 403

— = — < b;. 9
Kz 3Kz 3Kz ‘ ®)

Now, (iii) implies that there is ; € (0, @z/2) such that
lo (g% — @B < Bz forall p e B.(). (10)

Pick any z = (p,x) € (intBB,(p) x intlB;(x)) N 2. Define a mapping g5 :
X — Yby

W) =o(p,v) —a(p,v), veX
Then G, = G5 + gp - By (8), for any v, v/ € Byy, (X) we have
Igp5 (V) — 8pp (W) < pzllv — V')

Using (10) we get [|g,5(X) | < Bz. Applying Theorem 2.3 we conclude that the
following claimholds: for every y, y' € B, (0) and everyv € G L) N By, (%)
there exists v/ € gp_l(y) such that |[v — V|| < «llly — ¥

As z € 2, we have 0 € Gj,(x). We show next that

d(, G, () < k2 d(y,Gp(v)) forall (v,y) € Byp./3(0) x Bg,j3(0).  (11)

To see this fix any such a pair (v, y). Pick an arbitrary y' € G, (v) (if there is any).
The choice of Bz and rz implies that

By1p,(x) = Bo/2(x) C Bo; (%)

First, assume that ||y’|| < Bz. The claim yields v" € gp_l(y) with | — /|| <
«; lly — y'll. Consequently,

., o) < Il =/l <k lly = I,

On the other hand, assuming that [|y’|| > Bz, we have ||y — y|| > Bz — Bz/3 =
2z/3. Then using the claim, with (y/, v) := (0,x), we find v’ € gp_l(y) such that
lx — v'|| <« |lyll. Consequently,

d, G, () < v = xll +dx.G, ' (1) < llv = x| + [Ix = ']
< llv—xl+« Iyl
< KiBz/3 + KiBz/3 = 2iciBz/3 < wzlly — VIl

We have shown that d(v,gp_l(y)) <«illy =yl for any y € G,(v), which
proves (11).
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Summarizing, for each z = (p,x) € (intlB, (p) x intlB,.(x)) N 2 the map-
ping G, is regular at x for 0 with the constant « and neighbourhoods
IBK;B2 /3(x) and BBg./3(0), that is, the size of neighbourhoods and the constant
of regularity are independent of z in a vicinity of z. From the open cover-
ing Uz—pz)eq([intiB,, (p) x intlB,, (x)] N €2) of Q2 choose a finite subcovering
O; := [intBy, (pi) x intB,, (x)] N Q,i=1,2,...,k Leta = min{Kéi,Bgi/S |i=
L... .k}, k = max{lcél_ |i=1,...,k}, and b=min{f;/3|i=1,...,k}. For
any z = (p,x) € Q there is an index i € {1,...,k} such that z € O,. Hence the
mapping Gj, is regular at x for 0 with the constant ¥ and neighbourhoods IB,(x)
and IB(0).

Under the assumption of strong regularity one uses Remark 2.4 (or the strong
regularity part of Theorem 5G.3 in [4]). [ |

Remark 2.7: Note that (ii) in Theorem 2.6 is satisfied, in particular, when o hasa
point-based approximation on Q2 in the sense of Robinson [6]. Theorem 2.6 yields
[5, Lemma 0]. Moreover, given a non-empty subset 2 of a metric space, define
the measure of non-compactness of Q2 by

x () := inf{r > 0| Q C Q + IB,(0) for some finite subset Q2r of Q}.

Then Theorem 2.6 holds provided that x (€2) is strictly smaller than the infimum
of the reciprocal values of the regularity moduli of the mappings appearing in
(i). This statement is a key element in the proof of the non-smooth versions of
Robinson and Lyusternik-Graves theorems, cf. [1, Step 1] and [2, Lemma 12].

Next statement guarantees uniform [strong] regularity along continuous
paths.

Theorem 2.8: Let T>0 be fixed and let (X,| - ||) and (Y,| -|) be Banach
spaces. Consider a set-valued mapping F : X = Y with closed graph, a mappingo :
[0, T] x X — Y, and two continuous mappings ¢ : [0, T] — X and ¢ : [0, T] —
Y such that

(i) foreacht € [0, T] the mapping X > v > Gy(v) := o (t,v) + F(v) C Yis
[strongly] regular at ¢(t) for V¥ (t);

(i) foreacht € [0, T] and each v > 0 there is § > 0 such that for each v, v' €
Bs(¢(t)) and each t' € BBs(t) we have

o (,v) —ot,v)] —[o{t,v) —o @I < plv—V;
(iii) for each x € X the function o (-, x) is continuous.
Then there are positive constants a, b, and k such that for each t € [0, T]

the mapping Gy is [strongly] regular at ¢(t) for ¥ (t) with the constant k and
neighbourhoods IB,(¢(t)) and B, (y (t)).
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Proof: Apply Theorem 2.6 with P:=[0,T] x Y, a (compact) set Q:=
Utepo.ri® ¥ (1), 0(), and o (p, x) := 0 (t,x) — y,p = (t,y) € P,x € X. [ ]

Clearly, we can replace the interval [0, T] by any compact metric space in the
above statement.

3. Path-following for differential generalized equations

Consider the DGE (1), with T > 0, single-valued functions g : R” x R" — R”"
andf : R" x R™ — R, a set-valued mapping F : R” = RY, and an initial state
x; € R". If it is not clearly indicated otherwise we impose the following:

Standing assumptions (SA). Consider the DGE (1) and suppose that f and g are
differentiable functions with a locally Lipschitz continuous derivative, and that F
has a closed graph. Further, let a pair of functions (x(-), u(-)) be a solution of (1)
such that both of them are differentiable on [0, T'] and have a Lipschitz continuous
derivative on this interval.

For an integer N > 1, consider the uniform grid t; := ih,i € {0, 1, ..., N}, with
a step size h := T/N. Given A > 0 and points (e;)\_ _01 in B j2(0), consider the
following iteration

Xit1 = xi + hg(xi, uj),
ei € f(Xip1, ui) + Vif Kipr, wi) (iv1 — u;) + F(uipr), (12)
Xir1 = X + 2(g(xi, ) + g&it1, uir1),

with (xg, up) sufficiently close to (x(0), #(0)). The reason for allowing xo # x; is
that for a given time interval I := [—T, T}, say, one cannot expect that u(-) is dif-
ferentiable on the whole of I in general (for example when a geometric constraint
represented by the generalized equation is a variational inequality). However, u(-)
can be piece-wise smooth on I and the starting point x; can be viewed as a final
iterate obtained by a numerical algorithm on the previous subinterval [—T, 0]. In
fact, this is the case in our numerical examples. As noted by an anonymous referee
the assumptions on the differentiability of #(-) could be relaxed by employing the
averaged modulus of smoothness to obtain the same estimates when the deriva-
tive of u(-) is of bounded variation only; also one can consider more general
Runge-Kutta approximations as in [7]. However, we prefer to keep the presen-
tation as clear as possible and use a modification of the classical trapezoidal rule
[8] in our analysis.

Lemma 3.1: Let ¢ : [a,b] — R be a function with a Lipschitz continuous deriva-
tive on [a, b]. Then there is a constant m > 0 such that for each t,, t; € [a, b], with
f < th, we have

(t2 - tl) f2 3
T(w(n) + o) — | @) dt] <m(t, — 1)’
5]
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Proof: Let £ > 0 be a Lipschitz constant of ¢ on [a, b]. Fix arbitrary t;, t; €
[a,b] with t; < t, and let h:=t, — t;. Find 171 and 1, in [f], ;] such that
@(71) = mingefs,1,) ¢(7) and 9(12) = Max,¢[s,,1,] (7). Consider a function ¥ :
[t1, 2] = R defined by

@(t1) + ¢(T2)t

, L €|t bl
5 [t1, t2]

V() =) -

For each t € [t1, 2], we have ¢(11) < ¢(t) < ¢(12), and consequently

B L —nl = 2 — o)
——<—-—l1—7 —(¢(11) — @(T
> =73 1 21 = 5 (231 (2
. 1 . . 14 th
Y@ = z(@(r2) —@(n) < sl — 11 < —.
2 2 2

Thus max; e[y 1] |/ (7)| < €h/2. Basic calculus and the mean value theorem
imply that

h b
‘5(«)(1‘1) + p(t) — / 10) dt‘

51

h b
'E(lﬂ(tl)-l-lﬂ(tz))—/tl «ﬁ(t)dt‘

t1+h/2 ty
/ [w<t1>—w<t>]dt+/ [0 (1) — y(0)] dt

t t1+h/2

) t1+h/2 5)
max | y(7)| f (t—tl)dt+/ (ty — B dt
Te(int] t ti+h/2

2 2
= max] 1Y ()] (% + h_) < £h3.

TE[t1,h 8 - 8

A

As ¢ is independent of both t; and t,, setting m := £/8 we finish the proof. W

Theorem 3.2: In addition to (SA), suppose that for each t € [0, T] the mapping

R™ 3 v > G(v) := f(x(t), u(t)) + Vy,f (x(8), u(t)) (v — u(t)) + F(v) C R

(13)
is [strongly] regular at u(t) for 0. Then for any A > 0 there are Ny € N and pos-
itive constants o and d such that for each N > Ny, each (xo, ug) € Baj2(x(0)) X
IBAj2(4(0)), and each (e,')fif)l in BBpp2(0), where h := T /N, there are [uniquely
determined] points (x;,u;) € R" x R™, i € {1,...,N}, generated by the itera-
tion (12), with the initial point (xo, ug), such that (x;, u;) € By (x(t;)) X By (u(t;))
foreachie {1,...,N} satisfying

max ||x; — x(t)|| < dh* and  max |u; — u(t;)| < dh?. (14)
0<i<N 0<i<N
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Proof: Let a (continuous) function o be defined by o (t,v) := f(x(t), u(t)) +
Vuf (x(t), u(t)) (v — u(t)), (t,v) € [0, T] x R™. Foreacht € [0, T] and each u >
0, the continuity of the function s — V,,f(x(s), u(s)) at ¢ yields a constant § > 0
such that

IVuf G(t), t(t) — Vif Ge(8), u(t) |l <
whenever t' € (t — 8,t+8) N[0, T],
consequently, for any such ' and arbitrary v, v’ € R"” we have
o ,v) — ot v)] = [o(t,v) — ot V)]
= [Vuf (1), u(t)) — Viuf (1), u(t) ] (v = v) |
< pllv =]l

Theorem 2.8, with ¢ := u(-) and ¥ = 0, yields positive constants a, b, and x such
that for each ¢ € [0, T] the mapping G; is [strongly] regular at u(t) for 0 with the
constant  and neighbourhoods IB, (u(t)) and IB,(0). Find £; > 0 such that both
x(-) and u(-) are Lipschitz continuous on [0, T] with the constant £;. Let r > 0 be
such that x([0, T]) + alBgrn C rIBgrs and u([0, T]) + alBgm C rIBgrm.Pick £, > 0
such that f, g, and V,f are Lipschitz continuous on the (compact) set rBg» x
rIBrm. Let

k' =2, pn:=1/(3k), and £ :=max{l,£, s} (15)

By the basic calculus, for every u, u’ € rBBgm and every x € rBrn, we have

14
If e u) = fx,u) = Vif (e, ) (' — w)|| < Ellu/ — ul)®. (16)
Let
o = min{l,a/2,1/(6x),a/(16x£),3kb/(20k¢ + 1)} and B :=2La. (17)

We show the following claim: For any (t,u,x,y) € [0, T] x B, (u(t)) X
By (x(t)) x IBg(0), there is a [unique] point w € IB, (u(t)) such thaty € f(x,u) +
Vuf (x,u)(w — u) + F(w) and

lw — @)1 < «"t(llx — 2@ + |l — w1 + lIyl).

To prove this, fix any such (t,u,x,y) and consider a function ¢ : R — R4
defined by

o) :=f(x,u) + Vuf (6, u) (v — u) — f(x(t), u(t))
— Vuf (@), u(t))(v —u(t)), veR™

We are going to use Theorem 2.3 (with G := G; and g := ¢). Note that G; has
closed graph. Clearly (15) implieskt < 1andk” > 3k /2 = k /(1 — k). We also
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get
2B +a=Bkla+aoa<a/2+a/2=a,
and, consequently, we obtain that

, 8klo + o 20l + 1
uk'p+a)+28 = » + 40l =« 3 <

K

b.

Asu € By (u(t)) C Ba(u(t)) C rBrm and x € B, (x(t)) C B,(x(t)) C rBgn, by
(16) we get
@@ = IIf @), u@®) — f(x,u) — Vi f (x, ) (u(t) — u)||
< lIf @), u(®))
= feou) |l + IIf G u(®)) — f(x, u) — Vif (x, u) (u(t) — w)|
< £)x(t) — x|| + gllﬁ(t) —u|? <la+ e <20 =p. (18)

Since 2¢a < 1/(3k) = p, for arbitrary v, v" € R™, we have
o) — ()| = [[(Vuf (x, u) — Viuf (1), u(t)) (v — V') ||
< L(llx =Xl + llu—a@)Ilv— |
<2afv =] < pllv ="l

Moreover, observing that ¢ + G; = f(x, u) + V,f(x, u)(- — u) + F, we get

p(®) = f(xu) + Vyf (o, w) (u(t) — u) — f(x(1), u(t))
€ f(x,u) + Vyf (6 u) (u(t) — u) + Fu(®) = (¢ + G (a(®)).
Hence it(t) € (¢ + G) " Hp(u(t))) and p(u(t)) € IBg(0). Remembering that y €
Bg(0). Theorem 2.3 implies that there is w € (¢ + Gl (») such that ||w—

u@®l < «’lly — @(®)|l. Theny € f(x,u) + Vuf (x,u)(w — u) + F(w) and (18)
implies that

llw — @) < &' Uyl + €llx = xOll + Lllu — a@®)]1%),

which proves the claim because ¢ > 1.
Use Lemma 3.1 to find m > 0 such that for each 11, 7, € [0, T], with 7; < 13,
we have

T (g, am)) + g, ) - / G, (D) dtH
< m(r; — 11)°. (19)
Pick an arbitrary A > 0. Let

g := max{46%, A,'0, T, m}, *:=4q’, and d:= q(T)»eTA + 4q).
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Choose Ny € N such that 2d < Ny and qT < Np min{a, B}. Fixany N > Nj and
let h := T/N. Then

T 1 T
h<—<ﬁ<ﬁ<— and hfqh<qﬁ§min{a,,8}. (20)
0

No = Ny 2d 2

Let (xg, ug) € B2 (x(0)) X Bxy2(u(0)) and (ei)f\if)l in B2 (0) be arbitrary. For
eachie {0,1,...,N},lett; ;= ihand ¢; := rierh Since q > A, we have

ko — %(0)|| < gh* = (coh + g)h* and
lluo — (0)|| < gh* < q(coh + 4q)h*.

As qh2 < qh/2 < a/2 we have (xp,ug) € By (x(ty)) x By (u(ty)). We proceed
by induction. Suppose that for some i€ {0,1,...,N — 1} a point (xj,u;) €
B, (x(t;)) x By (u(t;)) verifies

lxi = Xt < (ch+ h?  and  |lu; — @(t)|| < q(cih +49h°.  (21)

We will show that there are [uniquely determined] points Xiy1, Xit1 €
By (X(tiy1)) and w41 € By (u(tiy1)) satisfying (12) such that (21) holds for
ii=1i+1.
Let x;y; be defined by the first equality in (12). Clearly, for any s € [t;, tiy1],

we have

g (xi, ui) — g(x(s), u() ||

< L(llxi = x() [| + [[ui — u(s)|)
< 00l — R | + €6 — ) + llus = G + £ — )
= 0(llxi — X + llui — u(t)|) + 26 (s — t;). (22)

As cih < Tre™ and £dh < q/4, using (22) and (20) we get

Xiy1 — x(tip )|l =

tiy1
xi + hg(xi, u;) — x(t;) — / g(x(s), u(s)) ds
ti

tit1
< llxi — x(t) |l +/ llg(xi, ui) — g(x(s), u(s))| ds
ti

< llxi — X&)l + eh(llxi — (1) || + llw; — a(t)|]) + £h°

= (14 £h)||lx; — x(t}) || + hllu; — u(t) || + €

< (1 + €h)(c;ih + Q)h* + €dh® + ¢*1?

= (cih + €(cih + @)h + q + tdh + €*) b

< (cih + £dh + q + tdh + q/4) h?

< (cih+q/4+q+q/4+ q/4) h*

< (Cih + 2q) W < (d/q@)h* = h(dh)/q < h/2 < a/2. (23)
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In particular Xj+1 € By (X(ti+1)). Remembering that ¢;h < Tre™, (21) and (20)
yield that
lui = @tip) | < llui — @) + (k) — altip)|| < q(Tre™ + 4q)h* + th
= (dh)h + th < Jgh < a. (24)
Clearly, e; € Bg(0). The claim with t:=t;1, y:=e;, x :=Xjy1, and u:=u;

together with (23), (24), and (20) yields a [unique] point ;1 € By (4(ti+1)) such
that

ei € f(Xit1, i) + Vif Kige1, wi) (i1 — ui) + F(uip1)

satisfying

luipr — a(tiyD) || < qU%ip1 — XD || + 1w — @ty ) 1> + lleil)
< q(cih+2q+q+ A) I < g(cih + 4g)h>. (25)

Asc¢; < cjy1,weobtain the latter estimate in (21) with i: = i+1. Let x; ;| be defined
by the last equality in (12). Now (19), (21), (23), (25), and (20) imply that

llxiy1 — xCtip1) |l

tit1

h
= ||xi + E(g(xi, ui) + gXiy1, uip1)) — X(t;) — / g(x(s), u(s)) ds

ti

< llxi — X(t) | + mh® + g g Criy ui) + g R, wi1)
—g(x(t), u(ty) — g(X(tiy1), u(tiy1)) |
< (cih+ @h* + mh’ + %(”xi —x(@) |l
+ llui — ()| + 1XKip1 — G| + Nuigr — a(tir)])
< (ci +m)h® + gh?

th
+ ((cih + Qh* + q(cih + 4Q)h* + (cih + 29)h* + q(cih + 4q)h?)

W3
< G+l + (e + ) + g (cih + 49)

+ q(cih + 29) + g*(cih + 4q)) + gh?
= ¢i(1+ (q+ g)h/2)l* + (9 + 3¢*/4 + 2¢4°)I°

+ qh2 <1+ 4q3h)h3 + 4q3h3 + qh2
= ci(1 4 AR)H® + k3 4 gh? < niehFDIRE3 4 MHDRRS 4 g
= A+ DV L gh? = (ciph + k2.
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The first estimate in (21) with i:=i+1 is proved. Since (ciy1h+ q)h* <
dh? < gh/2 < /2, we have xj11 € By (X(ti+1)). The induction step is com-
plete and so is the proof by noting that for each i € {0,1,...,N} we have
cih < The™. [ |

If u(-) is only Lipschitz continuous on [0, T], one can consider the following
iteration:

Xiv1 = Xi + hg(xi, uj), 26)
ei € f(xit1, ui) + Vif (Xig1, wi) (Uip1 — wi) + F(uiyr).

Using a similar technique as in the proof of Theorem 3.2 we obtain:

Theorem 3.3: Consider the DGE (1) and suppose that f and g are differ-
entiable functions with a locally Lipschitz continuous derivative, and that F
has a closed graph. Let a pair of functions (x(-),u(-)) be a solution of (1)
such that both x(-) and u(-) are Lipschitz continuous on [0, T]. Suppose that
for each t € [0, T] the mapping Gy in (13) is [strongly] regular at u(t) for
0. Then for any A > 0 there are Ng € N and positive constants a and d
such that for each N > Ny, each (xo,up) € Bap(x(0)) x Bap(1(0)), and each
(e,-)fi?)l in Bap(0), where h:= T/N, there are [uniquely determined] points
(xi>ui) € R" x R™,i € {1,..., N}, generated by the iteration (26), with the initial
point (xo, uo), such that (x;, u;) € By (x(t;)) X By (u(t;)) for each i € {1,...,N}
satisfying

max ||x;i — x(t)|| <dh and max |ui — u(t)| < dh. (27)
0<i<N 0<i<N

The above statement is a slight extension of [3, Theorem 5.1]. Next, we dis-
cuss two basic examples from engineering, which can be formulated either as
a DGE or an ODE with a Lipschitz continuous right-hand side. We compare
schemes (12) and (26) with the method ODE45 which is used with the absolute
error tolerance 10712 to get a reference solution trajectory. All simulations are
performed in MATLAB.

Example 3.4: Consider a particle of mass m > 0 connected by a rigid, weightless
rod of length £ > 0 to a base by means of a pin joint that can rotate in a plane due
to gravity. In addition, the pendulum can have a contact with two walls made of
a very flexible material which are at a distance r> 0 from a pin joint. The con-
tact force acting on the mass at time ¢ is denoted by u(f); and ¢; () and ¢a(¢)
denote the angular displacement and the angular velocity at time ¢, respectively
(see Figure 1).
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Figure 1. Mechanical model from Example 3.4.

The equations of motion of the system are

@1(t) = 2(2),
1
@) = =singi () = —Hpi(t),  forallt € [0,T],
m
©1(0) =1,  ©200) =y,
with given initial conditions y;, y» € R, a gravitational acceleration g=9.81

ms~2, and u(t) = H(g1(t)) describing the dependence of the contact force on
the angular displacement. We assume that

argsinh(¢ — arcsin (r/¢)) for ¢ > arcsin (¢/r),
H(¢) = { argsinh(¢ + arcsin (r/€)) for ¢ < —arcsin (£/r),

0 otherwise.

The corresponding DGE has form

o1(t) = @a(2),

@2(t) = =4 sin gy () — g u(b),

0 € —@1(t) + sinh u(t) + arcsin (r/£)9]| - |(u(t)),
©1(0) =y, 0200) =y,

forall t € [0, T],

where 0 denotes a subdifferential in the sense of convex analysis. The solution
ford =m:=1,r:=sinl, T := 2,y; = n/3,and y, = 0is in Figure 2. The grid
errors with respect to the solution obtained by ODE45 are in Figure 3. For both
the schemes (12) and (26), we use the discretion step h = 107> and ¢; = 0, i €
{0,1,...,N -1}

Example 3.5: Consider a circuit in Figure 4 involving the four-diodes bridge
full-wave rectifier, a resistor with a resistance R > 0, a capacitor with the capac-
itance Cp > 0 and an inductor with the inductance L > 0. Denote vc a voltage
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Figure 2. The solution from Example 3.4. (a) The first component ¢1, (b) The second component
@7 and (c) The third component u.

10  10-10
, x10 & X10
18
st
16
_1af
5
ERELS
RN
Bost
=
06
0.4
02
o
o 02 04 06 08 1 12 14 16 18 2 04 06 08 1 12 14 16 18 2
t t
4 5
55 10 & =10
sl
Py
&
=
o5
s
0 0
o 02 04 06 08 1 12 14 16 18 2 0o 02 04 06 08 1 12 14 16 18 2

Figure 3. Errors of the solution from Example 3.4. (a) Grid errors of the scheme (12) and (b) Grid
errors of the scheme (26).
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ir

Vo UL

Figure 4. The circuit from Example 3.5.

across the capacitor, ic a current through the capacitor, if a current through
the inductor, ipr1, ipr2, ipR1> ipR2 currents through the diodes, and vpr1, vpra,
UDR1,> UpR2 Voltages across the diodes, respectively. Using the Kirchhoff’s laws,
this problem can be described as a particular DGE (see [9]) called a differential
linear complementarity problem (system) in the form

x(t) = Ax(t) + Bu(1),

0 < Cx(t) + Du(t) L u(t) >0, t €[0,T], (28)
x(0) = x,,
where
1
o 0 & 0 0 -~ L
x=(."), A:= 1 01, B:= Co Gol>
L -0 00 0 0
L
1 1 ]
—UpRI 0 0 R g o0
4= | ~vpr2 C.— 0 0 D= 11 0 —1
| o | -1 o) " |R R ’
A VA (R

the symbol L denotes a complementarity relation, and inequalities in R* are
understood coordinate-wise. From (28) we have vpg;(t) = — max{vc(?), 0},
vpp2(t) = —max{—vc(t),0}, ipr1(t) = 1/Rmax{vc(t),0}, and ipra(t) = 1/R
max{—vc(t), 0} foreach t € [0, T]. Hence the problem is equivalent to the system
of ordinary differential equations, in the form

x(t) = Ax(t) + Bu(t), te[0,T], and x(0) = x,.

For the simulation we use library LCP! and assume that Cy := 107°, L: =0.01,
R:=1000, T:=0.005, and x, := [10, 0]. For both the schemes (12) and (26), we
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Figure 5. Graphs of the solution from Example 3.5. (a) The first component of x(-), (b) The second
component of x(-), (c) The first component of u(-), (d) The second component of u(-), () The third
component of u(-) and (f) The fourth component of u(-).

use the discretion step h = 10~%ande; = 0,i € {0,1,...,N — 1}. Graphs of solu-
tion components are in Figure 5 while grid errors are in Figure 6. We note that
the maximal grid error means the biggest error of elements of u or x at the points
of the grid.

To conclude this section, let us point out that a similar technique, can be used
also in the case of a parametric generalized equation, which is a problem for a
fixed function p : [0, T] — R”, find a function z : [0, T] — R”" such that

p(t) € f(z(t)) + F(z(t)) forallt e [0, T], (29)

where a constant T > 0, a function f : R” — R" and a set-valued mapping F :
R™ = R" are given. This problem can be used, for example, for modelling static
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Figure 6. Errors of the solution from Example 3.5. (a) Maximal grid error of the scheme (12) and
(b) Maximal grid error of the scheme (26).

problems from electronics, that is, when no capacitors and inductors appear in
the circuit [10-13].

For an integer N > 1, define the uniform grid ¢; := ih,i € {0,1,...,N}, witha
step size h := T/N. Given A > 0 and points (e,-)f.\;_o1 in Bpp2(p(tis1)), we study
a predictor-corrector scheme in the form

ei € f(zi) + Vf(z) (vig1 — zi) + F(viy1),

(30)
p(tiy1) € f(vig1) + Vf(it1) (Zig1 — vig1) + F(zig1),

where zj is sufficiently close to the exact solution of (29) at time ¢:=0. Uni-
form regularity along a continuous path was used in [14] to obtain the following
extension of the main result from [15].

Theorem 3.6: Letz : [0, T] — R" be a Lipschitz continuous solution of the prob-
lem (29), wherep : [0, T] — R" is Lipschitz continuous, f : R" — R" has a locally
Lipschitz continuous derivative on whole of R", and F : R" = R" has a closed
graph. Suppose that for each t € [0, T] the mapping

R" 5 v —> G,(v) := f(Z(1) + VfE®) (v — Z(t)) + F(v) C R"

is [strongly] regular at z(t) for p(t). Then there is o« > 0 such that for any A > 0
there are constants Ng € N and c¢> 0 such that for each N > Ny and each zy €
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B (z(ty)), where h := T /N, there are [uniquely determined] points (z,-)fil gen-
erated by the iteration (30), with the initial point zy and arbitrarily chosen points
(e,-)f-i?)l in Bap2(p(tiy1)), such that z; € By (z(t;)) for eachi € {0, ..., N} and

max |zi — z2(t)| < ch*. (31)
0<i<N

The point e; appearing in (30) can be interpreted as a sufficiently precise pre-
diction at time ¢; of the (possibly unknown) value of p(ti11). Then we wait until
the precise value of p(ti11) is known and compute a correction z; ;. On the other
hand, taking e; := p(t;) + hp'(t;),i € {0,1,...,N — 1}, we have |le; — p(ti+1)|| <
Ah? provided that p'(-) exists and is Lipschitz on [0, T] with the constant 2A.
Hence the algorithm proposed in [4, Section 6G] is a particular case of (30).
Finally, instead of p(#;+;) in the latter inclusion of (30) one can take any e; €
IBps(p(tis1)), that is, the corrector step can be done via an inexact method
(which is always the case in practice). Finally, let us note that sufficient conditions
(of different type) guaranteeing the existence of a Lipschitz continuous solution
z(+) of (29) can be found either in [14, Theorem 6] or [3, Theorem 11].

4. Uniform regularity and regularity in function spaces

In case that the solution trajectory is not continuous (or even defined) on the
whole time interval we can derive the following statement.

Theorem 4.1: Let T> 0 and S be a non-empty subset of [0, T]. Consider a pair of
bounded functionsx : S — R" and u : S — R such that

0 € f(x(t),u(t)) + F(u(t)) foreacht €S,

with a continuous f : R" x R™ — R? having a continuous derivative V,f and F :
R™ = R4 having a closed graph. Let A := Ues(x(t), u(t)) and for each (x,u) €
cl A define a mapping

R™ 5 v —> Geu(v) := f(x,u) + Vif (6, u)(v — u) + F(v) C REL (32)
Then the following statements are equivalent:

(i) for each (x,u) € cl A the mapping G, is [strongly] regular at u for 0;

(ii) there are positive constants a, b, and k such that for each (x,u) € cl A
the mapping Gy, is [strongly] regular at u for 0 with the constant k and
neighbourhoods B, (u) and 1By (0);

(iii) there are positive constants a, b, and « such that for each t € S the map-
ping Gy in (13) is [strongly] regular at u(t) for 0 with the constant k and
neighbourhoods IB,(u(t)) and 1By (0).
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Proof: Assume that (i) holds. Define a (compact) set Q2 := cl(Uses(x(2), u(t),
u(t))) and a (continuous) function o (x,u,v) = f(x,u) + V,f(x, u)(v — u),
(x,u,v) € R" x R x R™. Note that (x,u,v) € Q if and only if v=u and
(x,u) € cl A. Theorem 2.6 yields positive constants a, b, and « such that for
each (x, u, u) € Q the mapping Gy, is [strongly] regular at u for 0 with the con-
stant x and neighbourhoods IB,(u) and IBy(0). Since (x(t), u(t), u(t)) € 2 and
Gt = Gx,a for each t € §, (iii) is proved.

Assume that (iii) holds. Let «’ := 2k and w :=1/(3«). Then xu < 1 and
k" > /(1 — k). Pick r > 0 such that X(S) + alBgr C rIBgn and éi(S) + alBgrm C
rBgrm. As f and V,f are continuous, they are uniformly continuous on a compact
set Q := rIBgn x rIBgm.Find B > 0 such that both 2«’8 + B8 < aand u(2«’'B +
B) + 2B < b;andalso that for each (x, u) € Qand each (X', ') € (Byg4p(x) x
BBy g4+p(u)) N 2 we have

IVuf (X, 0y = Viuf )| < p and  [[f (¥, u) — f(x, u)
— Vuf & u) W —w < B.

Fix any (x,u) € cl A C Q. Then 0 € G, ,(u) since f is continuous and gph F is
closed. Find € S such that (x, u) € Bg(x(f)) x Bg(ii(t)). Then Gy, = G; + g,
with

gW) = f(x, u) + Vyf (x, u) (v — u) — f(X(1), u(t))
— Vuf (x(1), u() (v — u(t)), veR™

Then lg@@®)Il = IIf (x, u) — FG@®), 4(B) — Vif (5, u)(u — G(H)]| < B. More-
over, forany v, v’ € R™ wehave ||g(v) — g(v)|| = [[Vuf (x, u) — V,f (x(£), u(t))]
(v —=v)| < ullv—'||. Applying Theorem 2.3, with & := S, and using a similar
reasoning as in the proof of Theorem 2.6 we conclude that the mapping Gy, is
[strongly] regular at u for 0 uniformly in (x, u) € cl A. Hence (ii) holds. Clearly,
(#1) implies (7). |

The above statement is a generalization of [3, Theorem 7], where strong regu-
larity is considered only, because it requests point-wise [strong] regularity on the
closure of the range of the solution instead of on the closure of its graph. The func-
tion x(-) can be either an input signal in a parametric generalized equation (29)
or a state trajectory of the DGE (1). In the latter case, x(-) is continuous on
§=1[0,T], so if u(-) has closed range, then the uniform [strong] regularity of
Gy in (13) on S is equivalent to its point-wise [strong] regularity on S. We also get
the following uniform version of the Lyusternik-Graves and Robinson theorem
which implies [3, Theorem 9] under substantially weaker assumptions.

Theorem 4.2: Let T, S, x(-), u(-), f, and F be as in Theorem 4.1. Then the mapping
G = f(x(t),-) + F is [strongly] regular at u(t) for 0 uniformly in t € S if and only
if so is the mapping Gy in (13).
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Proof: Suppose that there are positive constants a, b and « such that for each
t € S the mapping G; in (13) is [strongly] regular at u(t) for 0 with the con-
stant ¥ and neighbourhoods B, (ii(t)) and By(0). Let 8, «/, u, r, Q be as in
the proof of (iii) = (ii) in Theorem 4.1. Fix any ¢ € S. Let g(v) := f(x(¢),v) —
f&x@),u(t)) — Vuf (x(t), u(t)) (v — u(t)), v € R™. Then g (u(t)) = 0 and for any
v, " € By p4p(u(t)) we have

g (v) — g (Wl = lIf (x(1),v) — f(x(1), V") — Vi f (X(8), u(t)) (v — V)|
1
= /0 (Vuf G(), 0 + s(v — ')
— Vuf G(1), u(1))) (v — v') ds||

/
= ullv =v.

As in Theorem 4.1 we conclude that the mapping G; = g; + G; is [strongly] reg-
ular at u(¢) for 0 uniformly in ¢ € S. The converse implication follows in the same
way. |

Before continuing we set up notions used later.

Notation (N). Let a constant T > 0, twice differentiable functions f : R" x
R™ — RY and g:R" x R™ — R", and a closed convex subset U,y of R? be
given. Consider the problem (2). The controls u(-) are assumed to be in U/ :=
L2°([0, T],R™), the space of essentially bounded and measurable functions on
[0, T] with values in R™ considered with the norm [|u(-) || := ess sup|lu(-)|l,
u(-) € U. The state trajectories x(-) belong to A" := Wé’oo([O, T],R™), the space
of Lipschitz continuous functions on [0, T] with values in R” satisfying x(0) =
0 equipped with the norm ||x(-)||x = [|x()|loc + IX()|loo> x(:) € X. Let V :=
X xU, R = L2([0, T],R"), P := £>X([0, T],RY),

Upg = {u(-) eld |u®) € Uy forae. t € [0,T]},

and W :=R x P. Given a solution (x(-),u(-)) € V of (2) we set A(t) =
Vg (x(t), u()), B(t) = Vug(x(t), u(t)), C(t) = Vif (x(t), u()), D(t) = Vyf (x(1),
u(t)), and f(t) = f(x(t), u(t)) for a.e. t € [0,T]. Let ® be the fundamental
matrix solution of the linear equation z = A(t)z, that s, %CD(t, ) =AM)D(, 1),
O(r,7) =1.

Consider a set-valued mapping H : V = }V defined by

(1) — g(x(t), u(t))
mmmm—%)cm/

along with its shifted partial linearization H at (x(-), u(-)) defined for each
(z(-),v(-)) € V by

V3 (x(),u(-)) > H(x(), u(") =

H(z(),v()) := z(t) — A(t) z(t) — B(H) v(t) ) .

f(t) + C(t) z(t) + D) v(t) — Uyg
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a mapping K : i/ = P defined as

Klv(»I®) 1= f) + C(t)/otd>(t,f)B(r)v(r)dr
+ D) v(t) —Uag, V() €U,
and mappings G;, G; : R™ — R%, t € S, defined, respectively, for each v € R by
Gi(v) = f(&(1),v) — Ugg and  G;(v) := f(£) + D(t)(v — i(t)) — Uyg.

Now we are ready to formulate and prove the main result of this section
generalizing [3, Theorem 3].

Theorem 4.3: Under the notation (N), the following assertions are equivalent:

(i) H isregular at (x(-), u(-)) for 0;
(ii) H is regular at (0, 0) for 0;
(iii) /Cis regular at 0 for 0;
(iv) there is a subset S of [0, T] having full Lebesgue measure such that the
mapping Gy is regular at u(t) for 0 uniformly in t € S;
(v) there is a subset S of [0, T] having full Lebesgue measure such that the
mapping Gy is regular at u(t) for 0 uniformly int € S;
(vi) thereisé > O such that for every w(-) € P with |w(-)||co < 8 thereisv(-) €
U with ||[v()]leo < 1 such that

t
f(t) + C(t)/ @ (t, T)B(t)v(t) dt + D(®)v(t) + w(t) € Uy
0
forae. t e[0,T];

(vii) there are § > 0 and r> 0 such that for every w(-) € P with [[w(-)|lco < §
there is a pair (z(-), v(-)) € rBBxy x rIBy such that

() + C(t) z(t) + D(t) v(t) + w(t) € Uyg fora.e t € [0,T].

Proof: Defineabounded linear mapping @ : R — X' by Q[r(-)](t) = fot D(t, 1)
r(r)dr for t€[0,T]. Let v:=max{[|[A(:)|loos IB(-)lloos IC()lloos D) loos
1X() oo l114() oo }-

Applying the Lyusternik-Graves theorem [4, Theorem 5E.6] and substitut-
ing z(-) = x(-) — x(-) and v(:) := u(-) — u(-), we obtain that (i) < (ii). By
Theorem 4.2 we have (iv) < (v) because x(-) is continuous and u(-) is essentially
bounded.

To prove that (if) < (iii), note that given r(-) € R, one has that z(t) —
A(t)z(t) = r(t) for a.e. t € [0, T] and z(0) = 0 if and only if z(t) = Q[r(-)](¥),
t € [0, T]. This implies that having (r(-), p(-)) € H(z(:), v(-)) is the same as hav-
ingw(t) € K[v(-)](t) for w(t) = p(t) — C(t) Q[r(-)](t), thatis, we can replace the
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differential expression in H with the integral one and then drop the variable z.
Moreover, |[w(-)|| oo is bounded by a quantity proportional to || (r(-), p(-)) [lw.

As I has a closed convex graph, (iii) <> (vi) by Robinson-Ursescu theorem
[4, Theorem 5B.4]. If (vi) holds then setting z(t) := Q[B(-)v(-)](#), t € [0, T],
we get (vii) with r := max{1, v||Q||}.

Suppose that (vii) holds. We shall establish (v). Pick 8 > 0 such that wg(-) =
(B,B,...,B) € R has [wg()lloo < 8. Let {w1,ws,...} be a countable dense
subset of Bg(0). For any i € N, the function w;(-) = —w; has [[w;(")|lec <
wg(-)lloo < &, thus there is a subset S; of [0, T] having a full Lebesgue measure
along with a pair (z;(-), vi(-)) € rBx x riBy such that

f(t) + C(t) zi(t) + D(t)vi(t) — w; € Uyy forallt € S;.

Without any loss of generality assume that ||z;(t)|| < r and ||v;(¢)|| < r when-
ever t € S;. Then S:=NS; has a full Lebesgue measure. Without any loss
of generality assume that ||C(¢)|| < v and u(#) is defined whenever ¢ € S. Fix
any t € S. Define a mapping F;(z, v) :zf(t) +C(t)z+ D) v— Uy, (z,v) €
R" x R™. For every i € N we have w; € F;(rBr» x rIBgm). Hence the image of
rBrn x rBBgm under F; (having a closed convex graph) is dense in IBg(0), and
consequently applying Robinson-Ursescu theorem [16, Theorem 6.22] we get
that F; is regular at (0,0) for 0 with modulus r/8. In particular, the regularity
modulus does not depend on the choice of t € S. Let A be the set in Theorem 4.1.
Fix any (x,u) € cl A. Let

Fru(z,0) := f(x,u) + Vif (6, )z + Vyuf (x, u)v — Uy,  (z,v) € R” x R™.

Then 0 € Fi,(0,0) since f is continuous and U, is closed. Since V,f and V,f
are continuous, the uniformity of the regularity moduli of mappings F; and the
Lyusternik-Graves theorem imply that F, is regular at (0,0) for 0. Thus the
mapping F, (2, v) := Fxu(z, v — u), (z,v) € R" x R™, is regular at (0, u) for 0.
Since w € f;,u(z, v) if and only if w — V,f(x,u)z € G, ,(v), where G, is the
mapping in (32) with F = —U,y, we conclude that G, is regular at u for 0.
Theorem 4.1 implies that (v) holds.

Suppose that (v) holds. We shall establish (i7) and the theorem will be proved.
Assume without any loss of generality that

sup{ A, IBOI, ICON IDON, w1, (D[} < v foreacht € S.

Theorem 4.1 implies that there are positive constants a, b and « such that for any
(x,u) € cl A, with A := Uyeg(x(2), u(t)), the mapping

Gxu() = f061) + Vuf () (v — w) — Upas v € R™,

is regular at u for 0 with the constant « and neighbourhoods IB,(u) and IBj(0).
Pick £ > k and then B € (0, min{a/¢, b}/2). Let Q := Bg(0) x cl A and con-
sider a mapping

Q3 (hxu) — TOxu) = g;;(y) N By (w) C R™,
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Given w := (y,x,u) € , the regularity of G, , at u for 0 implies that there is
v E Qx_,i (y) such that ||u — v|| < €]|y|| (with the strict inequality when y # 0),
which means that v € X' (w). The set U, is both closed and convex hence so is
Gra (), and consequently also ¥ (w). We showed that dom ¥ = Q and X has
closed convex values.

Since X'(w) C Byy) (u) for any w € Q and X'(0,x, u) = {u} for each (x,u) €
cl A, the mapping X' is continuous at any point of the set ¢ := {0} x cl A. We
will show that X' is inner semi-continuous on 2\ €2¢. To see this fix an arbi-
trary w = (y,x,u) € Q \ Qo and thenany v € X (y,x, u). Let Oj be any open set
containing v.

First, assume that [|v —ul| < £|yll. As v € By (u) C By2(u) and y €
Bg(0) C IBy/2(0) the mapping Gz 5 is regular at v for y with the constant « (cf.
Corollary 2.5). Thus the mapping @ := Gz 7(-) — y is regular at v for 0 with the
same constant. Define the function g for each w = (y,x,u) € Qand eachv € R"

by
gw,v) = flu) + Vyf(x,u)(v —u) —y — f(x,u) — Vo f (x, u)(v — u) + y.

Let Sw):={veR"|0e€ G ,(v) —y=PW)+gwW,v)}, w=(yxu) €.
The continuity of V,f and the implicit form of the Lyusternik-Graves theorem
[4, Theorem 5E.5] imply that there are positive constants A and 85 such that

S(w) N Bs, (v) C S(w) + Apllw — || Bgm  whenever w,w' € Bs_ (w) N Q.

AsS(w) = @71(0) > v, taking w' := w we get a function s : Bs,(w)NQ — R™
such that

y € Gru(sw)) and |Is(w) — 0|l < Agllw — w]
for each w = (y,x,u) € Bs, (W) N Q.

As |[v — u|| < £]|y|| and the function s is continuous at w with s(w) = v, there is
a neighbourhood Oy, of w = (¥, x, u) with Oy, C Bs, (w) such that

s(w) € O and |[s(w) —u| < £|lyll foreach w= (y,x,u) € Oy N Q.

Consequently, s(w) € g;; () N By (u) N O = X(w) N Oy for each w=
(,x,u) € O NQ.So X (w) N O # P foreach w € Oy N Q.

On the other hand, if ||[v — u|| = €]|y|| then find v € X' (w) with ||V — u|| <
£]|y|l (which exists as we have seen right after the definition of X'). Since the set
X’ (w) is convex and contains both ¥ and v, there exists v € X (w) N O such that
[ — u|l < £]|y|l. By the previous case, there is a neighbourhood Oy, of w such
that X' (w) N Oy # @ for every w € Oy N Q.

In both the cases we showed that X is inner semi-continuous at (w,v).
Hence X' is inner semi-continuous on whole of 2. Michael selection theorem
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[4, Theorem 5].5] yields a continuous mapping o such that

o(xu) €G,() and o (y,xu) — ull < £yl

>

for each (y,x,u) € Bg(0) x cl A.

Let c€ (0,8/(v + 1)) and Q. := {(z,t,p) € R4 |t e S |zl <o llpll < c}.
Clearly, for each (z,t,p) € Q. we have p — C(t)z € IBg(0). Define the function

Q3 (2, t,p) —> u(z, t,p) == o (p — C(H)z, x(t), u(t)).

Then for any ¢ € S (hence for a.e. t € [0, T]), the function (z,p) —> u(z,t,p)
is continuous. For every {(z,p) | (z,t,p) € Q2. for some t € S}, the function § 5
t —> u(z, t, p) is measurable as a composition of a continuous function and a
measurable function; and

luz, t,p) —u(®) |l = llu(z t,p) — u(0,£,0)[| < £(llpll + vilzl)

whenever (z,t,p) € Q..
Choose A > 0 such that
AT(1 + £v)e"I+T — ¢ (33)

Fix arbitrary functions p(-) € P and r(-) € R with [|p(-)[lec < Aand [|7(-)|lcc <
A. Consider the initial value problem

z(t) = A(H)z(t) + B(t) (u(z(t), £, p(t)) — u(?)) + r(f)
forae.t €[0,T], z(0)=0. (34)

The right-hand side of this differential equation is a Caratheéodory function, and
also the initial condition z(0) = 0 € int IB.(0). Hence there is a maximal interval
[0, 7] C [0, T] such that there exists a solution z(-) € X of (34) on [0, 7] with
values in IB.(0), and if t < T then ||z(7)| = c. Suppose that 7 < T. Then for
each t € [0, t] we have

t
Izl < fo (Wl + e + vliz()) + A) ds
t
< ATA+£ev) +v(1 + EU)/ llz(s)]| ds.
0

Applying the Gronwall lemma and using (33), we get |[z(t)|| < AT(1+
£v)e"+T < ¢ for each t € [0, 7]. In particular, ||z(7)| < ¢, a contradiction.
Hence T = T and there exists a solution z(-) of (34) on the entire interval [0, T]
such that z(¢) € intB.(0) for each t € [0, T]. Let v(t) := u(z(t),t,p(t)) — u(t),
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t € [0, T]. Then (z(-), v(-)) € V, z(0) = 0, and

z(t) = A(t)z(t) + B(t)v(t) + r(1),

p(t) ef(t) + C(H)z(t) + D) () — Uy, fora.e.t € [0, T].

Hence (r(-), p(-)) € H(z(:),v(-))). As H has a closed convex graph, Robinson-
Ursescu theorem implies (ii). [ |

It seems that one can formulate a similar statement when a constant mapping

= — U,y is replaced by a general F : R"™ — R? with a closed convex graph,
which would be a regularity version of [3, Theorem 13]. This is out of the scope
of the current work and is a subject for future research.

Note

1. It is available on: https://www.mathworks.com/matlabcentral/fileexchange/20952-lcp—

mcp-solver-newton-based-?requestedDomain = www.mathworks.com
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