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»The Fucik spectrum of the discrete Dirichlet operator®

PfedloZen4 disertaéni prace se zabyva studiem Fuéikova spektra diskrétniho
Dirichletova operatoru a opira se o dva impaktované €lanky, které autorka pu-
blikovala spolené se svymn konzultantem Ing. Petrem Nedesalem, Ph.D. Jedn4
se o ¢lanky ,,The Fulik spectrum of the discrete Dirichlet operator* {2018) a
»Localization of Fuik curves for the second order discrete Dirichlet operator®
(2021).

Samotna prace obsahuje 6 kapitol a jsou v ni p¥ehledné shrnuty a okomen-
tovany klidové visledky s odkazem na vyfe uvedené ¢lanky.

V prvni kapitole jsou zavedeny problémy P1, P2 (linedrni problémy na
vlastni ¢isla diskrétniho Dirichletova operdtoru — s pocateénimi a okrajovimi
podminkami) a P3, P4 (nelinearni problémy tizce souvisejici s Fudikovym spek-
trem diskrétniho Dirichletova operatoru — op&t s podéteénimi i okrajovymi
podminkami).

Ve druhé kapitole jsou zkoumany linearni problémy P1 a P2 a je zaveden
pojem spojitého rozsifeni diskrétntho Tefent. Dale je zde ukizana scouvislost s
Cebysevovimi polynomy druhého druhu.

TYeti a &tvrta kapitola se vé€nuje zkouméani nelinedrniho pocateniho pro-
biému P3. Je moZné zde najit i nékolik piikladi.

Kapitola pitad je vénovana studiu nelinedrniho okrajového problému P4,
ktery tizce souvisi s Fucikovym spektrem diskrétnfho Dirichletova operdtoru
{(matice A”) a je zde mo¥no najit fadu novjch — dosud nepublikovanjch —
viysledkii. Najdeme zde i rizné popisy Fudikova spektra, ale také odhady jed-
notlivych vétvi Fudikova spektra. Rizné typy odhadd jsou zde i vzdjemné
POTOVRAVADY.

V gesté kapitole pak najdeme shrouti dosaZengch visledki.




Sepsanim této prace autorka prokazala schopnost samostatné védecky pra-
covat a fefit problémy. Zkoumani Fucikova spektra diskrétnich operatori je
obecné velmi obtiZné. Autorka se zamé¥ila na studium Fucikova spektra dis-
krétniho Dirichletova operatoru a svymi novymi vysledky obohatila vyzkum
(nejen) na svém pracovisti.

K predlozené praci nemém podstatné pfipominky. Dle mého nézoru byly
cile prace splnény. Proto (po Uspé&Sné obhajobé) doporuduji, aby byl Ing.
Iveté Sobotkové udélen titul Ph.D.

V Ostravé 2.12. 2021

doc. Mgr. Petr Vodstréil, Ph.D.
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The PhD thesis is devoted to studying the Fugik spectrum S for the dis-
crete semi-linear boundary value problem with Dirichles conditions. The author
investigates the Tather wide class of discrete problems: linear and serni-linear,
initial and boundary value problems. Specifically, the author examines in detail
the following four problems:

1. Linear initial value problem

APyl — 1)+ (k) =0, k€ Z, 1
w(0) = Co, u(l) = Ch, L

9. Linear boundary value problem

Aok — 1)+ du(k) = 0, K € {1,.,m}, )
{ (0) = uln+1) =0, )

3. Semi-linear initial value problem

{ A2yl — 1)+ aut(k) - Bu— (k) =0, k€2, )
u(0) = 0, u(l) = Cy,

4. Semi-linear boundary value problem

Ayu(k — 1)+ out (k) — fu (k) =0, k€ {1,..,m}, (4)
uw(0) =u(n+1)=0,

where the second order forward difference operator is given by

Alu(k —1) = u(k — 1) — 2ulk) + w(k+1),




uT and u~ stand for the positive and negative parts of .

The Thesis contains six chapters and two appendices. The main results are
presented in Chapters 1 to 5 on 69 pages. We note right away that the study
of the Fudik spectrum for discrete problems is incomparably more difficult than
in the case of continuous operators.

In the Introduction, the author first defines the main definitions, the sign
property of & vector, positive and negative parts of a vector, specifies a particular
Dirichlet matrix A”, which comes from the discretization of the continuous
problem. It is shown that studying the set of all pairs (e, 8) € R? such that the
problem (4) has a non-trivial solution. u, is equivalent to the investigation of the
Fugik spectrum > (A7) of the matrix A”. Therefore, to find the set 3 (A7)
and to investigate its properties is the main purpose of this Thesis. At first, in
the Chapter 2, the author investigated in detail linear problems (1) and {2}. In
Lemma 3, the form of the unique solution of the problem (1) was found and
the corresponding continuous extension of this solution was defined. Moreover,
Lemma, 7 describes the number of generalized zeros of this solution.

The author was able to establish a close relationship of problems (1) and (2)
with Chebyshev polynomials of the second kind U,,. To find all values A € R
for which (2) has a nontrivial solution is the same as to find all eigenvalues and
eigevectors of the corresponding Dirichlet matrix AP, It was shown that eigen-
values of A” are zero points of the Chebyshev polynomial U, (252). This led to
a generalized new approach suitable for a semi-linear problem (3}. Lemma 22
- —gives an opportunity to- caloulate- generalized zeros—of-a. solution-which leads
to an implicit and recurrent description of the Fugik spectrum 3 (AP) of the
matriz AV

In Chapter 5, the description of the Fudik spectrum for the problem (4) was
ohtained in Theorems 32 and 34 due to results in previous chapters. Moreover,
a new modification of this description is given in Theorem 35.

As a co-author, the candidate has already published 2 papers in impacted
journals. The first paper (of 45 pages) was published in the journal Linear Al
gebra and [ts Applications, which belongs to Q1 in the following fields of Math-
ematics: Algebra and Number Theory and Discrete Mathematics and Combina-
torics. The second paper (of 51 pages) was published in Bulletin des Sciences
Mathématiques, which belongs to Q1 in Mathematics field. The Thesis under
review is on a high mathematical level. Its main results are new and interesting,
formulations are clear and elegant. The text is written very well, the proofs are
presented including all the details. The level of English is very good. There are
only a few typos and minor ambiguities in the Thesis.

A few questions and remarks arose when we were studying the manuscript of
the Thesis. Rather, they relate to the possible continuation of these studies.

1. The left-hand side of equations (1)—(4) does not contain the first order
forward difference operator. It seems that this assumption is essential for the
proofs. Is it possible to extend obtained results to this case?

2. Considering that the technique used leads to an implicit and recurrent
description, in principle, is it possible to give some estimates of the error in
calculating the Fugik spectrum? How the nurober of decimal places taken into



account affects the accuracy of calculations, for example on pages 40-43?

3. It is noted that the developed theory can be applied under various bound-
ary conditions. For example, what are these boundary conditions?

4. Were used in the calculations software packages that allow symbolic
calculations?

5. A formal remark as to what might be worth the main proofs from the
attached article in the appendix to include in the Thesis.

The above remarks, of course, have no influence on the positive referee’s
conclusion on the Thesis. Still more, it seems that the results obtained there
open a source of new interesting problems.

Conslusion

To sum up, the Thesis brings original and new results which contribute sig-
nificantly to the field of the discrete Fuéik spectrum problems. I would like
to appreciate many well-chosen examples which suitably illustrate proven the-
orems and make it easier for the reader to understand obtained results. Used
sources are properly cited in the text and the candidates own contribution is
clearly specified. I confirm that the presented Thesis meets the requirements
for obtaining a PhD degree for the candidate.

Based on the above facts, I strongly recommend the submitted Thesis
for defense and warmly recommend to award to Iveta Sobotkova the
PhD degree.

In Miskolc, Hungary, October 20, 2021

Prof. Miklés Ronté, DSc
Institute of Mathematics, University of Miskolc,






