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Abstract The paper focuses on local phenomena
modelling in the ball-and-socket pivot of tilting pad
journal bearings. It provides an in-depth analysis of
the influence of nonlinear normal force and friction
forces generated in the pivot on the dynamic behaviour
of the bearing. Contemporary works often employ
the Hertz theory, which is valid for non-conformal
contacts. This research, however, utilises a conformal
sphere-to-sphere contact and uses the Bengisu-Akay
and LuGre models, which describe static and dynamic
friction. Furthermore, the latter model respects effects
such as presliding, which can be essential for accurate
predictions of nonlinear behaviour and which has not
been employed to simulate the dynamics of the tilting
pad journal bearings so far. This work also discusses
the influence of model parameters. Such a discussion is
critical for the LuGre model, whose proper parameter
values are not straightforward to estimate.
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List of symbols

J Journal indication
s Pad indication
bs Ball-and-socket indication
i i-th pad
hd Hydrodynamic component
mJ Journal mass
ms Pad mass
IP Moment of inertia of pad relative to pivot

point
yJ (t) Journal centre vertical displacement
z J (t) Journal centre horizontal displacement
δ(t) Tilting angle of pad
η(t) Radial displacement of pad, ball-and-socket

penetration
Cξ Centre of gravity in tangential direction rel-

ative to pivot point
Cη Centre of gravity in radial direction relative

to pivot point
ΔmE Static unbalance
ω Rotor angular speed
g Gravitational acceleration
Fhd Hydrodynamic force
Fbs Normal force in ball-and-socket coupling
Ff Friction force
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M f Friction moment
t Time
R1, R2 Ball and socket radius
ΔR Radius difference, ΔR = R2 − R1

E1, E2 Young’s modulus of ball and socket
μ1, μ2 Poisson’s ratio of ball and socket
fs Static friction coefficient
fd Dynamic friction coefficient
χ Parameter of BA model
vc Critical velocity of BA model
vs Stribeck velocity of LuGre model
γ Exponent γ of LuGre model
σ A
0 Bristle stiffness of LuGre model

σ A
1 Bristle damping of LuGre model

σ A
2 Viscous damping of LuGre model

v Surface velocity in ball-and-socket
zb State variable, average deformation of bris-

tles
Nm Order of the BS coupling load magnitude
RJ Journal radius
R Inner radius (bore) of pad
L Axial length of pad
cm Machined radial clearance
cr Assembled radial clearance
d Pad thickness
N Number of pads
ϑ Angular position of pivot point
κ Radial distance from pivot point to inner

surface of pad
θ1 Angular distance from pivot point to lead-

ing edge
θ2 Angular distance frompivot point to trailing

edge
X Circumferential coordinate for pressure cal-

culation
Z Axial coordinate for pressure calculation
μd Fluid film dynamic viscosity

1 Introduction

Tilting pad journal bearings (TPJBs) contain movable
pads that allow for geometry changes during the opera-
tion. TheTPJBs are used for their high stability allowed
by the bearing ability to adapt to various operating
conditions. The tilting motion of the pad is mainly
secured using flexible supports, rocker pivots or spher-
ical pivots (so-called ball-and-socket (BS) construc-
tion). However, the pivot design can be challenging [1]

concerning wear on contact surfaces, material treat-
ment of the contact surfaces or preventing failure due
to the high load on the pivot.

Compared to the rocker pivots with a line contact,
the BS pivots contain surface contact, implying under
the equal load more significant friction. Due to the
inherent friction in the BS pivots, the performance and
self-adaptation of the TPJB can be lower compared to
the TPJBs with other pivots. Works [2,3] compared
the behaviour of two identical bearings experimen-
tally – one with a rocker-backed pivot and one with
a BS pivot. Whilst the rocker-backed bearing showed a
straight-line journal centre locus, the bearing with the
BS-pivoted pads had a curved path. From the view-
point of linear rotordynamics, the cross-coupled stiff-
ness terms were proved to be close to zero for the
rocker-backed pads and nonzero for the BS pivots. The
authors hypothesised that these phenomena are caused
by friction in the BS pivots. Similar observations using
an experimental rig with a five-pad TPJB were pub-
lished in [4,5] with further focus on pad temperatures
and power loss.

Some recent papers focus on friction modelling in
the TPJBs. Based on the above-mentioned experimen-
tal results, Kim et al. [6] proposed amodel that includes
a static friction model in a BS pivot. They showed dif-
ferent behaviour of the TPJB under varying loads for
bearing with and without friction. They also stated pos-
sible instability issues due to the presence of friction.
He [7] analysed friction in a BS pivot thoroughly. He
showed that the friction in the BS pivot could result
in non-synchronous vibrations of the journal and pads.
Finally, Kim et al. [8] focused on pivot friction from
the viewpoint of nonlinear dynamics taking the follow-
ing parameters as bifurcation ones: pivot radius, pad
preload, pivot offset, and length-to-diameter ratio. They
showed the influence of these parameters on stability
and corresponding bifurcations. Lately, [9] provided a
comprehensive nonlinear analysis of a five-pad TJPB
concerning friction in a spherical pivot. The authors
considered both the pitch and roll motions of the pads,
and tested the influence of friction models (Stribeck
vs Coulomb) on the response of the system. Shin and
Palazzolo [10] compared TPJBs with cylindrical and
spherical pivots considering a thermally bowed shaft
and studied the so-called Morton effect, which is fur-
ther described, e.g., in [11].

An important parameter that significantly influences
the TPJB dynamics is pivot stiffness [12], which has
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been investigated both experimentally [13] and compu-
tationally [14]. Concerning computational approaches,
a widely used estimation of the pivot contact force or
stiffness is based on theHertz theory [14,15]. However,
this approximation is usually derivedunder the assump-
tion of a non-conformal contact, which does not hold
for the BS pivot, where the contact surface covers large
areas on the contacting bodies.Hence,He [7] suggested
and tested a model proposed in [16], which derives a
semi-analytical nonlinear model of the pressure field in
the contact BS surfaces based on the conformal contact
assumption. However, there are also other approaches
to deal with the BS pivot. A model proposed in [17]
is based on a nonstationary mixed contact problem,
whereas amodel from [18] inherently include the adhe-
sion effect.

The normal force in the BS pivot subsequently
influences the friction moment acting on the pad dur-
ing its tilting motion. Since friction is a highly com-
plex phenomenon, many friction models and differ-
ent approaches to its modelling have been introduced
[19]. These models can be classified into two groups:
so-called static and dynamic models. The static mod-
els are more straightforward and describe the friction
force considering a force-velocity characteristic.On the
other hand, the dynamic models have some additional
degrees of freedom, so-called dynamic variables. These
models were developed to describe some friction-
related phenomena more realistically. For example,
they describe the presliding effect, breakaway force,
Stribeck effect, or stick–slip phenomenon. This paper
uses one static and one dynamic model to demonstrate
how friction influences the bearing performance. The
Bengisu-Akay model [19,20] represents the class of
staticmodels and the LuGre friction [19,21]model rep-
resents the class of dynamic models.

Friction occurring in the BS pivot produces local
forces, which are, however, critical for the global
behaviour of theTPJB.This research presents the use of
methods to evaluate the friction forces, which have yet
to be employed in this particular application accord-
ing to the literature survey shown above. In particu-
lar, a conformal contact theory is utilised to determine
normal forces in the BS pivot, and the LuGre model
describes resulting friction moments. The use of the
LuGre model, which belongs to the class of dynamic
friction models, allows for capturing of nonlinear phe-
nomena such as stick–slip, breakaway force or preslid-
ing that have been neglected in the preceding research

articles. Moreover, the paper also proposes a simple
model of a TPJB with BS pivots, which can be used to
study the interaction between friction, hydrodynamic
forces and the resulting dynamics. The model is suit-
able for the calibration of friction model parameters.
Such calibration is critical because the LuGre model
requires application-specific values for model param-
eters, and the values proposed in other research and
employed in other applications can yield inaccurate
results.

The rest of the paper is organised as follows. Sec-
tion2, presents the equations of motion for a TPJB (in
Sect. 2.1), describes normal forces acting in conformal
contacts (in Sect. 2.2) and introduces frictionmodelling
using static and dynamic friction models (in Sect. 2.3).
Section3 proposes a benchmark model in the form of a
four-pad TPJB in the load-between-pad configuration
that includes hydrodynamic couplings and dry friction
contacts. Section4 deals with the numerical analysis of
the proposed model and discusses the influence of fric-
tion parameters on themodel behaviour. Finally, Sect. 5
gives some conclusions.

2 Mathematical model

This section introduces the TPJB mathematical model.
In order to separate the fundamental effects of fric-
tion in the BS pivot from the performance of the
whole rotor, the simplest Jeffcott-like rotor symmetri-
cally supported by two identical TPJBs is considered.
The general dynamical model is briefly discussed in
Sect. 2.1 and following sections focus on pressure dis-
tribution in the BS pivot (Sect. 2.2) and on the descrip-
tion of friction in the pivot (Sect. 2.3).

2.1 Dynamic model of the tilting pad journal bearings

The mathematical model of the Jeffcott rotor of mass
2mJ assuming two lateral degrees of freedom (DoFs)
yJ, zJ and supported by two TPJB each consisting of N
pads is presented below. Each pad of the TPJB has two
DoFs – tilting angle δ and radial displacement η. The
radial displacement is assumed only in the case of the
flexible BS coupling, and represents the deformation
(penetration depth) of the pivot if it is positive. The
authors developed the presentedTPJBmodel originally
in [22] assuming the BS coupling without friction. In
this section, themodel is briefly summarised for clarity.
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The schemeof all applied forces is depicted in Fig. 1.
All particular subsystems are subjected to gravity load
due to gravitational acceleration g. Furthermore, the
rotor operating at angular speed ω is loaded by har-
monic excitation caused by static unbalanceΔmE . The
equations of motion (1) and (2) describe rotor displace-
ments and (3) and (4) give the motion of the i-th:

mJ ÿJ = −mJ g + ΔmE ω2 cos (ω t) +
N∑

i=1

Fy
hd,i ,(1)

mJ z̈ J = ΔmE ω2 sin (ω t) +
N∑

i=1

Fz
hd,i , (2)

IP,i δ̈i + ms,i Cξ,i η̈i = −Fy′
hd,i (R + κi ) − M f,i −

−ms,i g
[
Cξ,i sin (ϑi − δi ) − Cη,i cos (ϑi − δi )

]
,

(3)

ms,i η̈i + ms,i Cξ,i δ̈i − ms,i Cη,i δ̇
2
i =

−Fz′
hd,i − Fbs,i − ms,i g sin (ϑi − δi ) , (4)

where ms,i is the i-th pad mass, IP,i is the moment of
inertia related to pivot point Pi , the centre of gravity
of is located at point Ci = [Cξ,i ,Cη,i ] in coordinate
system ξiηi with origin in pivot Pi , R is the inner radius
of the i-th pad, κi is the radial distance from the pivot
to the inner surface, and ϑi is the angular coordinate
describing the the location of the i-th pivot. For more
details on geometry, see [22].

Mutual interaction between the journal and the i-th
pad is described by hydrodynamic force components

Fy′
hd,i , F

z′
hd,i which are evaluated in the coordinate sys-

tem fixed to the pad. The total hydrodynamic force
acting on the journal is the sum of particular forces
from each pad and the following transformation into
the Cartesian coordinate system is used
[
Fy
hd,i

Fz
hd,i

]
=

[
cos (ϑi − δi ) sin (ϑi − δi )

− sin (ϑi − δi ) cos (ϑi − δi )

] [
Fy′
hd,i

Fz′
hd,i

]
.

(5)

The particular hydrodynamic forces acting on the
journal are evaluated using the pressure field generated
in the corresponding bearing gap as follows:
[
Fy′
hd,i

Fz′
hd,i

]
=

−
L
2∫

− L
2

Rθ1,i∫

−Rθ2,i

pi (Xi , Zi , t)

[
sin Xi

R
cos Xi

R

]
dXi dZi , (6)

Fig. 1 Acting forces include gravitational forces mJ g,ms,i g,
out-of-balance force ΔmEω2, inertial forces (mJ ÿJ ,mJ z̈ J are
acting on the journal and IP,i δ̈i ,ms,i η̈i ,ms,i li δ̇2i ,ms,i li δ̈i are act-
ing on the i-th pad). The components of the hydrodynamic force

Fy′
hd,i , F

z′
hd,i acting on the journal are depicted by solid lines. The

dashed lines depict the components of the hydrodynamic force
acting on the pad. Normal force Fbs,i denotes radial reaction in
the BS coupling and moment M f,i is the friction moment

where pi is the pressure field governed by the Reynolds
equation, and Xi , Zi are the circumferential and axial
coordinates of the inner shell surface. The origin of
coordinate system XiYi Zi is fixed to the pad and lies on
its inner surface. The radial distance between this ori-
gin and pivot point Pi is κi . Angles θ1,i and θ2,i denote
the angular distance from the pivot point to the leading
and trailing edges, respectively. For more details see
the scheme depicted in [22]. The subroutines for nec-
essary bearing gap formulation and coordinates trans-
formation are shown in [22]. The boundary conditions
for pressure field solution are prescribed at the edges
as constants using relations

pi
(
Rθ1,i , Zi , t

) = psup, (7)

pi
(−Rθ2,i , Zi , t

) = pamb, (8)

pi

(
Xi ,− L

2
, t

)
= pamb, (9)

pi

(
Xi ,

L

2
, t

)
= pamb, (10)

where psup and pamb are supply and ambient pressures,
respectively.

Next, each pad is loaded by normal radial force Fbs,i
as the reaction in the BS coupling and friction moment,
which will be discussed in detail in the following sec-
tions.
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Fig. 2 Parameters of the BS conformal contact according to [16]

2.2 Normal forces in the BS coupling

As noted before, pressure distribution or normal force
generated in the BS coupling are often modelled using
the Hertz theory [14,15,23]. However, this theory usu-
ally assumes that the contact is non-conformal. In the
case of the BS coupling, contact is not local compared
to the dimensions of ball or socket bodies, and theories
for conformal spherical surfaces are more suitable for
the contact description. Further, we use a theory pro-
posed by Fang et al. [16]. For the ball (subscript 1) and
socket (subscript 2) coupling with Young’s moduli E j ,

Poisson’s ratios μ j , and with radii, R j loaded by con-
centrated force Fbs,i , see Fig. 2, the employed theory
leads to a set of nonlinear algebraic equations

p(r) = p0

(
1 − r2

a2

)n

, (11)

p0 = (n + 1)
Fbs,i
πa2

, (12)

η = 4 (k1 + k2) Bp0a, (13)

a =
[
4BR1R2 (k1 + k2) Fbs,i

π (gΔR + C)

(
n + 1

2

)
(n + 1)

]1/3
,

(14)

n = 1

2
− 0.24e

−15.08
(
1− a

R2

)

, (15)

B =
√

πΓ (n + 1)

2Γ ( 32 + n)
, C = 3.8304BFbs,i (k1 + k2)

πR2
,

(16)

g(a) = 2

π
+

(
a

R2

)2
. (17)

where p0 is themaximumcontact pressure, a is the pro-
jective radius of the contact area, r is the radius of the
pressure field, n is the pressure distribution exponent.

Fig. 3 Example of the pressurefield in theBScoupling for radius
difference ΔR = 0. Coordinates x̃, ỹ denote local coordinate
system in the BS coupling

Fig. 4 Force Fbs,i generated in the i-th BS coupling as a function
of the penetration depth ηi for the chosen radius differences ΔR
with conformal contact model [16]

Coefficients k1, k2 are defined as follows:

k1 = 1 − μ2
1

πE1
, k2 = 1 − μ2

2

πE2
. (18)

In equations (11) - (17), Γ (n) stands for the gamma-
function of n.

For illustration, the pressure field generated in the
BS coupling is shown in Fig. 3. To demonstrate results
of the used theory, let us assume contact of spheri-
cal surfaces with following parameters adopted from
[16]: steel-on-steel contact (E1 = E2 = 2.1 · 1011 Pa,
μ1 = μ2 = 0.3), radius of the socket R2 = 100 mm,
R1 = R2 − ΔR for various ΔR. The resulting force
generated in the BS coupling for various radius differ-
ences is shown in Fig. 4.

In the subsequent numerical simulations, forces
Fbs,i are involved in the model as a function of pen-
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Fig. 5 The BS pivot of the TPJB

etration in the BS coupling

Fbs,i = Fbs,i (ηi ). (19)

Normal force at each time of integration step is eval-
uated based on look-up table. The look-up table con-
sists of large precalculated values based on (11) – (17).
Current value of penetration η yielding from numerical
integration of equations of motion is then interpolated
between two closest points from the table.

2.3 Friction in BS coupling

Subsequently, friction moments generated in the BS
pivot were added to the model mentioned in Sect. 2.
This additional friction moment acting to pad i can be
generally written as (see Fig. 5)

M f,i = R1,i F f,i (vi ), (20)

where rp,i is ball radius and the particular form of fric-
tion force Ff,i depends on the friction model used.

Velocity at the surface of the BS coupling is given
in the form

vi = R1,i δ̇i , (21)

where δ̇i is the angular velocity of the pad tilting
motion. The rolling motion was assumed not to hap-
pen1.

First, the friction will be described using a static
friction model. The Bengisu-Akay model [19,20] was

1 The TPJB model considering both tilting and rolling motions
is discussed in [9] in detail.

considered,which describes the force-velocity function
as a piecewise smooth function that captures different
values of static and dynamic friction coefficients

F f,i =
⎧
⎪⎨

⎪⎩

[
− fs Fbs,i

v2c

(|vi | − vc
)2 + fs Fbs,i

]
sign

(
vi

)
for |vi | < vc

[
fd Fbs,i + (

fs Fbs,i − fd Fbs,i
)
e−χ(|vi |−vc)

]
sign

(
vi

)
, for |vi | ≥ vc

(22)

where fs, fd are static and dynamic (kinetic) friction
coefficients, vc is the critical velocity that defines an
area of friction force smooth transition around zero
velocity, and χ expresses the shaping of the curve after
reaching critical velocity.

To better describe such phenomena as presliding,
stick–slip, breakaway forces, friction hysteresis or fric-
tional lag, the LuGre friction model [21] will be used.
Since the original LuGre model was developed for the
constant normal force, the slightly modified form for
the varying normal force introduced in [24–26] will be
used. In this case, friction force generated in the pivot
of i-th pad is given as2

Ff,i =
(
σ A
0 zb,i + σ A

1 żb,i + σ A
2 vi

)
Fbs,i (23)

where σ A
0 represents the aggregate stiffness of the

fictional bristles per unit of the normal force, σ A
1 is

their corresponding aggregate damping, and σ A
2 is the

parameter of viscous friction. An additional state vari-
able zb,i (average deformation of fictional bristles in
the contact surface) from equation (23) is described by
the first-order ordinary differential equations

żb,i = vi − zb,i
σ A
0 |vi |

GA(vi )
. (24)

and function GA(vi ) is here given as

GA(vi ) = fd + ( fs − fd) e
−|vi /vs |γ , (25)

where γ is a parameter that defines the shape of the
Stribeck curve.

The main issue of the LuGre model is the proper
setting of its parameters. It is advised to perform exper-
imental identification of frictionmodel parameters as it
is described, e.g. in [27]. However, this kind of experi-
ment cannot be performed for the complex mechan-
ical system described in Sect. 2.1. In the presented
case, the BS coupling is loaded by force, whose ampli-
tude can reach tens of thousands of newtons. Thus,

2 Superscript A stands for amended as denoted in [25].
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Table 1 Parameters of the
TPJB adopted from [28]

Parameter Value Unit

Journal radius RJ 49.9 mm

Pad inner radius R 50 mm

Pad axial length L 100 mm

Machined radial (half) clearance cm 100 μm

Assembled radial (half) clearance cr 80 μm

Pad preload − 0.2 –

Pad thickness d 14 mm

Angular pad length θ1 + θ2 69.3 deg

Pivot ratio − 0.5

Pivot radial distance from inner shell κ 14 mm

Journal mass mJ 2000 kg

Pad mass ms 0.8108 kg

Pad moment of inertia IP 4.055·10−4 kg · m2

Pad centre of gravity
[
Cξ ,Cη

]
[0,−10.1] mm

Fluid-film dynamic viscosity μd 19 · 10−3 Pa · s
Journal static unbalance ΔmE 10 · 10−3 kg · m

the original LuGre friction model [21] which is suit-
able for constant normal contact forces is not appro-
priate and its modified form [24] is used. Since the
LuGre model physical interpretation is based on the
tangentially deforming bristles (asperities) of bodies in
contact, which describes mainly the sticking phase of
friction, it is appropriate to assume that with increasing
normal contact force, the bristles’ average stiffness also
increases. This phenomenon is caused byhighermutual
penetration of bristles and higher local deformation of
the bodies, which increase the number of fictional bris-
tles in contact. The study of suitable parameters for the
LuGre friction model is further discussed in Sect. 3.1

3 Solution strategy and model parameters

The proposed model will be demonstrated considering
the case of a four-pad TPJB with a load-between-pads
(LBP) configuration. Its parameters adopted from [22,
28] are summarised in Table 1.

The simulations in the time domain are performed
using Matlab built-in solver for stiff ordinary differen-
tial equations ode15swith relative error tolerance 10−6

and absolute error tolerance 10−8. The initial positions
are given as a solution of the static analysis (set of

nonlinear algebraic equations) and initial velocities are
considered to be zero. The time interval of steady-state
simulations is t ∈ 〈0; 2〉 s, which has been proved as
long enough not to be influenced by initial conditions.
In case of run-up simulations, longer time interval is
considered t ∈ 〈0; 10〉 s.

The residual static unbalance applied on the rotor is
calculated following standard ISO 21940-11 [29] as

ΔmE = 9549
Gm

nmax

[
g · mm

]
, (26)

where the balance quality grade G = 6.3 mm·s−1 was
chosen for general machinery, m is the rotor mass, and
nmax is themaximumnominal rotor speed. In thiswork,
nmax = 6500 rpm was mainly investigated because
various friction phenomena are fully developed at this
nominal speed, and the value is near the original nomi-
nal speed in [28]. The system behaviour at lower rotor
speeds and the effect of friction in the BS coupling are
investigated using run-up simulations.

Parameters of the BS coupling are summarised in
Table 2. A steel-on-steel contact in the BS is considered
with the corresponding Young’s moduli and Poisson’s
ratios. Three radius differences ΔR = Rsocket − Rball

are taken into account in the range that corresponds
to the machining precision. Both friction coefficients
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Table 2 Parameters of the
BS coupling and friction
models

Parameter Value Unit

Socket radius R2 13 mm

Radius difference ΔR {0; 15; 30} μm

Young’s moduli E1, E2 2.1 · 1011 Pa

Poisson’s ratios μ1, μ2 0.3 –

Static friction coefficient fs 〈0; 0.2〉 –

Dynamic friction coefficient fd 〈0; 0.2〉 –

Parameter of BA model χ 1000 –

Critical velocity (BA) vc 10−5 m·s−1

Stribeck velocity (LuGre) vs 10−3 m·s−1

Exponent γ (LuGre) γ 1 –

Bristle stiffness (LuGre) σ A
0 106 m−1

Bristle damping (LuGre) σ A
1 10 s·m−1

Viscous damping (LuGre) σ A
2 0 s·m−1

fs, fd are taken from the interval 〈0; 0.2〉 which is rea-
sonable for the considered materials and conditions.

In all the forthcoming numerical analyses, we focus
on the local behaviour in the BS coupling and the influ-
ence of the pivot friction on the TPJB performance.
Hence, we minimise the influence of all other phenom-
ena occurring in the TPJB, such as pad fluttering of the
upper pads, pads’ flexibility, etc. For this reason, only
two lower pads are considered, andweneglect the influ-
enceof upper pads.As shown in [22], this simplification
is justifiable since the upper pads do not have a load-
carrying function during the chosen standard operation,
and they are, under some conditions, even subjected to
padfluttering. Therefore, this phenomenon and the pos-
sible interaction of the pad fluttering with pivot friction
is out of the scope of this paper. Lower pads only imply
non-negative normal forces (19).

The choice of frictional parameters is discussed in
Sect. 3.1 and their influence is a subject of the proposed
study.

3.1 Discussion on suitable parameters of the friction
models

Both studied friction models use similarly described
Stribeck curves. In general, the Bengisu-Akay model
parameter χ is the reciprocal value of the LuGre model
parameter vs . Then, for γ = 1, which is our setting,
the resulting Stribeck curve is equal for both studied

Fig. 6 Stribeck curve used in the simulations for fs = 0.2, fd =
0.1, vc = 10−5 m·s−1, Fbs,i = 1 N, γ = 1 and χ = 103

(Bengisu-Akay model)

models, so the results are comparable. For illustration,
used friction characteristic for fs = 0.2, fd = 0.1, is
shown in Fig. 6.

The usual value of the critical velocity vc for the
Bengisu-Akay model in multibody system dynamic
problems is 0.001 m·s−1 [19]. This parameter defines
an area around zero slip velocity, where the fric-
tion force is smoothened to prevent discontinuity. The
smooth friction transition between positive and nega-
tive sliding velocities is needed because of the stability
of the numerical solution. In the problem of the highly
loaded BS coupling, the sliding velocities are relatively
small, and a micro-sliding can occur. Thus it is neces-
sary to set parameter vc sufficiently low. Based on the
problem analysis, it was found that the usual value is
still too high to properly catch the friction force gener-
ated around the zero BS relative velocities. Thus, this
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Fig. 7 Influence of critical velocity vc on pad tilting velocity
assuming rotor speed 6500 rpm and friction coefficients fs = 0.1
and fd = 0.05

parameter is set to vc = 10−5 m·s−1, which is closer
to a non-smooth Coulomb model. A significant change
in the pad tilting motion is documented in Fig. 7. For
vc = 0.001 m·s−1 only sliding friction occurs, while
with lower values the friction sticking ismore apparent.

The bristle average stiffness from equation (23) can
be expressed as σ A

0 Fbs,i so it is apparent that it depends
on the normal contact force and the physical unit of
parameter σ A

0 is m−1. In many works related to fric-
tion modelling, such as [19,21], the bristle stiffness is
considered as 105 N·m−1. This value can be valid only
for lightly loaded contacts, as it is described in [30].
Unfortunately, there are not many references for the
LuGre friction model behaviour in case of very high
loads, but e.g. in [31], the LuGre model was verified
to be suitable for modelling tire friction. The tire was
loaded by 4 kN, and the resulting LuGre parameter was
σ A
0 = 3.117 · 105 m−1. In the problem of the highly

loaded BS coupling, it is expected that sticking will
not be as flexible as in the case of rubber tires. Thus its
bristle stiffness-related parameter σ A

0 should be at least
106 m−1 or higher. Nevertheless, as it is stated in [32],
with a further increase of σ A

0 the results do not differ
significantly and only the required CPU time increases.
The significant influence of the bristle stiffness param-
eter σ A

0 on the pad tilting motion is shown in Fig. 8. For
lower σ A

0 almost no sticking occurs, while with higher
σ A
0 the sticking phenomena together with presliding

behaviour appear.
The LuGre parameter σ A

1 is related to the bristle
damping in the presliding state, and its physical unit
is s·m−1. In the case of the amended model, where
both bristle stiffness and damping depend on the nor-
mal contact force, the value of the parameter σ A

1 needs

Fig. 8 Influence of bristle stiffness parameter σ A
0 on pad tilting

velocity assuming rotor speed 6500 rpm and friction coefficients
fs = 0.1 and fd = 0.05

to be scaled accordingly to the normal contact force
amplitude. In case of constant normal contact force,
the commonly used values of the parameters of the
Amended LuGre model satisfy the following equation

σ A
1 · Nm =

√
σ A
0 · Nm, (27)

where Nm is the characteristic value of the normal con-
tact force. Equation (27) comes from the standard set-
ting of the parameters for the original LuGre model,
where the value of bristle damping is set as the square
root of bristle stiffness value [19]. It should also bemen-
tioned that (27) is used only for obtaining the value of
the parameters; only numerical values of each param-
eter are taken into account. As mentioned earlier, the
order of magnitude of the BS coupling load is in tens of
thousands of newtons. Thus, the corresponding value
of σ A

1 can be set as

σ A
1 =

√
σ A
0

Nm
, (28)

where the characteristic value of the normal contact
force Nm = 104 N represents the order of magni-
tude of the BS coupling load, which appears in the
model of presented system. With this setting, the over-
all bristle damping corresponds to common values used
in the original LuGre model, while its normal con-
tact force dependency is maintained. In our case, for
σ A
0 = 106 m−1 the resulting bristle damping parame-

ter, which comes from (28), is σ A
1 = 10 s·m−1.

Based on the presented parametric study, the used
values of friction parameters that can catch various fric-
tion phenomena are summarised in Tab. 2.
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4 Simulation results and discussion

In this section, we show the results of the performed
numerical analyses. First, Sect. 4.1 deals with the influ-
ence of the pad radial displacement due to the BS
coupling deformation on the TPJB performance. Fur-
ther, Sect. 4.2 discusses the influence of radius differ-
ence and Sect. 4.3 provides a detailed friction analysis.
Finally, Sect. 4.4 shows transient simulations the run-
up to demonstrate the differences in the journal trajec-
tory due to friction.

Above all, let us mention that the influence of fric-
tion on the TPJB steady-state behaviour is given by
the operation regime. The unbalance is estimated using
(26) for the particular value of nominal rotor speed
nmax. For lower speeds, small unbalance forces gener-
ate a small journal orbit and a small tilting motion of
the pad. Hence, the pads remain in the sticking regime.
Similarly, the lower unbalance causes a stick in the
BS coupling concerning the given nominal rotor speed.
Therefore we demonstrate all the forthcoming steady-
state simulations for nominal speed and corresponding
unbalance, which induces the tilting motion in both
stick and slip regimes.

4.1 Influence of pad radial displacement on the
bearing performance

Performed analyses show the key influence of the pad
radial displacement on the bearing performance. Sim-
ply speaking, the pad radial motion due to the elastic
deformation of the BS coupling enlarges the bearing
operational clearance, yielding a larger journal orbit.
At the same time, the operating point of the journal
moves downwards. This operation state then imposes a
more significant tilting motion of the pads that empha-
sises the influence of friction phenomena.

To demonstrate the above-stated, we use two topo-
logically different models:

Tilting-only (TO) model is a simplified model with
the neglected radial displacement of the pads. In
this case, the motion of pads is described by (3)
only, and (4) is not taken into account.

Tilting-radial (TR) model includes both tilting and
radial degrees of freedom described by (3) and (4).

Let us focus first on the frictionless cases. As shown
in Fig. 9, the TO model yields smaller journal orbits

than the TR model. At the same time, the orbits
are located higher compared to the TR model. This
behaviour is caused due to the omission of the pivot
deformation in the TO model.

Figure 9 shows that friction negatively influences the
TPJB performance since the journal orbit gets larger in
both cases. Here, we used Bengisu-Akay (BA) model
with f = fs = fd = 0.1. The influence of friction will
be discussed in detail in Sect. 4.3, but for now, we can
state that the larger influence of friction occurs in the
TRcase,which is alsomore precise in the description of
local phenomena in the BS coupling. Hence, we further
focus on the TR-type model only.

4.2 Influence of the radius difference in the BS
coupling

Previous analyses in Sect. 4.1 showed that the consid-
ered flexibility of the BS coupling has several impacts
on the TPJB dynamics and has to be taken into account
to predict the TPJB behaviour accurately. The BS
coupling flexibility is controlled by the Fang nonlin-
ear contact force model presented in Sect. 2.2 and
strongly depends on the differential radius and pen-
etration depth, see Fig. 4. Resulting force in the BS
coupling Fbs,i and applied concentrated normal force
satisfy the force equilibrium. First, the friction is not
assumed in the following simulations to separately
study the influence of a radius difference of the BS cou-
pling on the TPJB dynamics. Next, the friction influ-
ence is studied togetherwith various radius differences.

The radius difference is varied considering ΔR =
{0, 15, 30} μm.Chosen values correspond to some typ-
ical clearance fits per ISO 286–1 [33]. ΔR = 0 μm is
a limit case of the snug fit (e.g., H7/h6), allowing for
a free assembly or disassembly. ΔR = 15 μm corre-
sponds to the sliding fit (e.g., H7/g6), which allows for
free turning and, finally,ΔR = 30 μm is the close run-
ning fit (e.g., H8/f7) used on accurate machines and up
tomoderate angular speeds. It is supposed that the snug
fit, i.e. the case when the ball and socket have equal
radius, is the stiffest option. The results are depicted
and compared in the form of journal orbit and wave-
forms of tilting angle and velocity of the first pad in
Fig. 10. The tilting-only model (TO) is assumed as a
reference.

The attached subfigures clearly show that the jour-
nal moves downwards significantly with the increas-
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Fig. 9 Influence of the considered degrees of freedom of the
pads on the journal orbit (left), the tilting angle of pad (centre)
and its tilting velocity (right). All the results are depicted for a
frictionless (FL) case and a case with friction (here, the Bengisu-

Akay model with f = fs = fd = 0.1 is used as an example),
and for two considered cases: tilting-only (TO) and tilting-radial
(TR) model of pads

ing radius difference, which causes the BS coupling to
becomemore flexible. It should be noted that the down-
ward movement is caused only by the contact stiffness,
because the assembled clearance of theTPJB is equal in
all analysed cases. Figure10 also shows that the higher
radius difference increases the tilting angle and tilting
velocity. These changes demonstrate that the journal
moves around a newequilibriumposition,whichmeans
that the hydrodynamic force acting on each pad is also
affected. We assume that the Fang model is more suit-
able for reaction force description in this situation due
to its direct evaluation from penetration depth (degree
of freedom) contrary to the necessary linearisation at
each time step of numerical simulation and stiffness
estimation based on the Hertz model.

The peak-to-peak amplitudes of the tilting angle
and velocity displacement increase with the radius
difference, although the bearing assembled clearance
remains the same. This observation confirms that the
radius difference decreases the dynamic stiffness of
the pivot, which acts as an additional artificial bearing
clearance. Therefore, the journal can perform larger
orbital motions when the radius difference increases.
Such behaviour occurs for both TO and TR mod-
els. When friction is applied using the Bengisu-Akay
model, the waveforms flatten due to the sticking phe-
nomenon occurring at low pad velocities.

4.3 Influence of friction

In this section, the influence of friction in the BS cou-
pling is further analysed. All analyses are performed
using the TR model with the radius difference ΔR =
15 μm, which represents the sliding fit between the
socket and the ball. The effect of various combinations
of friction coefficients fs and fd is shown in Figs. 11,
12 and 13 for the Bengisu-Akay friction model, for
the LuGre friction model with σ A

0 = 106 m−1 and
for the LuGre friction model with σ A

0 = 5 · 106 m−1,
respectively. Figures show that with the increasing val-
ues of friction coefficients, the journal orbit is slightly
larger. This fact confirms that the friction in the BS cou-
pling negatively affects the rotor assembly. The journal
orbits for both friction models are comparable in size
and shape.

In the case of the Bengisu-Akay friction model, the
regions of the sticking phenomenon with almost zero
pad tilting velocity can be seen in the middle subfig-
ure of Fig. 11. In these regions, the slope of the tilting
velocity is not exactly zero because the friction model
employs smoothening around the zero velocity, which
is expressed by the critical velocity vc as described
earlier is Sect. 3.1. With the increase in friction coef-
ficients, the sticking phenomenon areas are wider, and
the amplitudes of the pad tilting velocities decrease.
This deteriorates the dynamic behaviour of the whole
TPJB.
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Fig. 10 Influence of the considered various radius differences
on the journal orbit (left), tilting angle of pad (centre) and its tilt-
ing velocity (right). All the results are depicted for frictionless

(FL) case in the upper row) and a case with friction below (here,
Bengisu-Akay model with f = fs = fd = 0.1 is used as an
example). Tilting-only model is depicted for reference

Fig. 11 The influence of various friction coefficients fs and fd
of theBengisu-Akay frictionmodel on the journal orbit (left), pad
tilting velocity (middle) and the resulting relation between fric-

tional moment and pad tilting angle (right). Tilting-radial model
with the same radius difference ΔR = 15 μm is assumed for all
cases
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Fig. 12 The influence of various friction coefficients fs and fd
of the LuGre friction model with σ A

0 = 106 m−1 on the journal
orbit (left), pad tilting velocity (middle) and the resulting relation

between frictional moment and pad tilting angle (right). Tilting-
radial model with the same radius difference ΔR = 15 μm is
assumed for all cases

Fig. 13 The influence of various friction coefficients fs and fd
of the LuGre frictionmodel with σ A

0 = 5·106 m−1 on the journal
orbit (left), pad tilting velocity (middle) and the resulting relation

between frictional moment and pad tilting angle (right). Tilting-
radial model with the same radius difference ΔR = 15 μm is
assumed for all cases

For the LuGre friction model with σ A
0 = 106 m−1,

the transition between the sticking and sliding is more
smooth than for the Bengisu-Akay friction model, as
seen on the pad tilting speed in the middle of Fig. 12.
This is caused by the bristle stiffness and damping,
which act similarly to a spring-damper in the stick-
ing phase. With the increase in friction coefficients, the
amplitude of the pad tilting velocity decreases more
than in the case of the Bengisu-Akay friction model.
This is also caused by the fact that, in the case of the
LuGremodel, the sticking phase is more elastic. There-
fore, the pad tilts more smoothly during each cycle, so

it reaches lower velocities before its load due to the
hydrodynamic force is minimum. In contrast, in the
case of theBengisu-Akay frictionmodel, the padmoves
more abruptly when the friction reaches its maximum
static values.

The middle subfigure of Fig. 13 shows that with
increased σ A

0 , the sticking phase is more distinct in the
pad tilting velocity waveforms. The bristle are stiffer,
thus smaller bristle deflection occurs before the maxi-
mum static friction force is reached and sliding occurs.
With a further increase of σ A

0 , the resulting pad tilt-
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Fig. 14 The resulting friction characteristics when the Bengisu-Akay friction model (left), the LuGre friction model with
σ A
0 = 106 m−1 (middle) and the LuGre friction model with σ A

0 = 5 · 106 m−1 (right) is used

Fig. 15 Comparison of the Bengisu-Akay friction model and the LuGre friction model during run-up 1500 rpm to 6500 rpm – journal
run-up trajectory (left) and corresponding waveform of tilting angle (centre) and velocity (right)

ing velocity curve shape is getting closer to the results
obtained using the Bengisu-Akay model.

The right subfigure of Figs. 11, 12 and 13 shows the
hysteresis loop (relation between the frictionalmoment
and pad tilting angle) of the Bengisu-Akay friction
model, the LuGre friction model with
σ A
0 = 106 m−1 and the LuGre friction model with

σ A
0 = 5 · 106 m−1, respectively. It should be noted that

the frictional moment depends on the normal radial
force Fbs,i that varies with the journal rotation, which
affects the loop shape. However, in the case of the
LuGre model, the loop has a more typical shape. In
the case of the Bengisu-Akay model and the LuGre
model with σ A

0 = 5 · 106 m−1, the effect of different

values of fs and fd parameters is more significant and
manifested by the convex and concave bending of the
curve in the upper and lower parts, respectively.

In Fig. 14, the resulting relationship between the
applied friction coefficient and the relative velocity in
the BS coupling is shown. In this case, the applied fric-
tion coefficient is calculated as M f /(Fbs · rp) to elimi-
nate the influence of the varying radial force Fbs,i load
of the BS. The resulting curve exactly corresponds to
the used Stribeck curve in the case of theBengisu-Akay
model, while in the case of the LuGre model, the hys-
teresis behaviour is present. The typical friction curve
loops appear in the case of a higher σ A

0 , while with the
lower σ A

0 this phenomenon is not significant.
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4.4 Influence of friction during run-up

The Bengisu-Akay and LuGre friction models anal-
ysed previously for various parameters σ A

0 were also
examined during the run-up of the unbalanced rotor. In
this case, the radius difference was considered as 15
μm. The run-up simulations for both friction models
were performed in the speed range 1500 – 6500 rpm
lasting 10s. The results are summarised in Fig. 15.
There is an apparent deviation in the journal trajec-
tory for the LuGre model compared to the Bengisu-
Akay model at lower rotor speed. A higher parameter
value σ A

0 strengthens the deviation of the journal tra-
jectory. The changes are depicted in detail for clarity.
However, the journal orbits at 6500 rpm are compa-
rable. Depicted details for tilting angle and velocity
show that the results for σ A

0 = 1 · 106 m−1 are dif-
ferent from the Bengisu-Akay model and higher σ A

0 at
lower rotor speed. The influence of considered friction
models and the parameter settings on tilting angle and
velocity is not affected greatly by the run-up operation,
and obtained results, e.g. sticking phase, correspond to
the previous discussion for steady-state operations.

5 Conclusion

This work has provided an in-depth analysis of local
phenomena occurring in pivots of tilting pad journal
bearings (TPJB). In particular, we focused on mod-
elling nonlinear normal force and friction forces gen-
erated in ball-and-socket couplings, which are used to
support tilting pads. For the detailed model of friction
forces, we used the Bengisu-Akay [19] and LuGre [21]
frictionmodels assuming a conformal sphere-to-sphere
contact. The lattermodel captures such effects as stick–
slip, presliding or breakaway force.

In agreement with previous research [6,7,9], fric-
tion plays an important negative role in the bearing
performance. The friction causes resistance to the tilt-
ing motion, which decreases the bearing capability to
accommodate the operating conditions. Consequently,
friction in the pivots enlarges the vibration of the sup-
ported journal.

Friction also significantly affects the radial dynamic
stiffness of the pivots. Low pivot stiffness can decrease
the bearing performance under high radial loads. In
such circumstances, the pivot can be compressed exces-
sively, which enlarges the bearing operating clear-

ance. This phenomenon is critical when designating
machining tolerances of the pivot. Too loose machin-
ing tolerances may lead to a too-high radius differ-
ence. Although the bearing can be assembled so that
the radius difference does not influence its clearance,
the radius difference decreases the dynamic stiffness
considerably. Thus, the radial load can compress the
pivot more than expected, increasing the bearing clear-
ance. Concerning this fact, correctly estimating the
force-deformation dependence in the ball-and-socket
coupling is essential.

The results indicate that unbalance excitation is also
essential for theTPJBdynamics. The additional forcing
due to unbalance affects the stick and slip regimes and
can enforce sticking at lower operating speeds (and thus
eliminates the slip).

A broad discussion has been dedicated to the correct
choice of friction parameters. It has been shown that
the generic and usually used values of some parame-
ters, such as critical velocity vs , would give misleading
results. Therefore, they should be chosen carefullywith
respect to the problem being solved. Furthermore, con-
cerning the LuGre friction model, it is also necessary
to use an “amended” model which adopts the friction
model for the case with a time-varying normal load.

Figs. 11, 12 and 13 show that increasing the σ A
0

parameter of the LuGre friction model brings the
results closer to theBengisu-Akay frictionmodel under
steady-state conditions. However, increasing the σ A

0
parameter still does not guarantee that the results of
transient simulations will be equal, as shown in Fig. 15.
This finding strengthens the fact that simple staticmod-
els do not include various frictional effects, which can
non-negligibly affect the TPJB dynamics.

Theworkdemonstrates that preciseBS frictionmod-
elling can play an essential role in the computational
modelling of whole rotor systems. The detailed mod-
els allow a more profound analysis of various rotor
nonlinear phenomena, such as fretting wear in con-
tact areas, pivot durability and clearance analysis. The
sticking and sliding regimes can also influence unde-
sirable behaviour in TPJBs with lightly loaded pads,
including pad fluttering and spragging [22].

Detailed modelling of undesirable phenomena
present in the TPJBs during their operation improves
the knowledge about the TPJB performance. It can
decrease the financial costs due to extending regular
maintenance intervals and necessary parts replacement.
In the future, the proposed approach can be used as a
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base for modelling conformal ball-and-socket pivots
involving friction.
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